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Abstract

The elastic properties of rocks can be estimated from the density (p), acoustic
(Vp), and shear (Vs) wave velocities, whose values establish the reflected
wave amplitudes. This paper presents an indirect method to estimate rocks’
elastic properties, that uses Vp, Vs, and p values supplied by the inversion
of acoustic reflection records. Because of the non-uniqueness and non-linear
nature of the inversion, the solution must be sought in a search space by
minimizing a cost function that measures the error between the observed
datum and the inferred one. The search may converge to a local minimum,
and then the true global minima may not be reached. Genetic algorithms have
proven to be more efficient in finding the optimal solution for this type of
search space.

A genetic algorithm coded in Matlab estimates p, Vp, and Vs through the
inversion of the equation that relates them to the amplitudes and angles of
incidence of the acoustic waves. Lamé elastic constant (1), Poissonys ratio
(v), and modulus of elasticity (E), compressibility (K) and rigidity (G) can be
deemed from p, Vp and Vs.

The algorithm was tested in synthetic data to verify its robustness and
stability, and then applied to seismic records showing a good performance
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in both cases. The presented method has a deeper scope than the refraction
method, and is applicable to different engineering fields.

---------- Keywords: Elastic constants, rocks, in situ, genetic algorithm,
inversion

Resumen

Las propiedades elastomecanicas de las rocas se pueden estimar a partir
de la densidad (p) y las velocidades de ondas acustica (Vp) y cizalla (Vs)
cuyos valores establecen las amplitudes de las ondas reflejadas. Este articulo
presenta un método indirecto para estimar propiedades elasticas de las rocas,
que usa valores de Vp, Vs y p por la inversion de registros de reflexion
acustica. Debido a la no-unicidad y a la naturaleza no-lineal de la inversion
el motor de inferencia debe buscar una solucién en un espacio de busqueda,
minimizando una funcion de costo que mide el error entre el dato observado
y el inferido. La busqueda puede converger en un minimo local y no alcanzar
el minimo global verdadero. Los algoritmos genéticos han mostrado ser mas
eficientes en hallar la solucioén 6ptima en este tipo de espacios de busqueda.
Un algoritmo genético codificado en Matlab estima p, Vp y Vs a través de
la inversion de una ecuacion que las relaciona con las amplitudes y angulos
de incidencia de las ondas actsticas. La constante elastica de Lamé (1), el
coeficiente de Poisson (v), y los mddulos de elasticidad (), compresibilidad ()
y rigidez () se pueden estimar a partir de p, Vp y Vs. Para verificar la robustez
y estabilidad del algoritmo, éste se probo con datos sintéticos y se aplicod a
registros reales exhibiendo un buen desempeiio en alcanzar las soluciones en
ambos casos. El método presentado tiene una profundidad de sondeo mayor
al método de refraccion, siendo aplicable en distintos campos de la ingenieria.

---------- Palabras clave: Constantes elasticas, rocas, in situ, algoritmo
genético, inversion

amounts; deformation modulus on intact rock
samples is in the order of 5 to 20 times higher
than in situ values [2]. This modulus depends on
the stress conditions, being higher in areas under
high stresses than in rock masses under low
stresses. “It is a steadily increasing trend in the
fields of engineering geology and rock mechanics
to substitute geological reality by mathematical
idealizations. This lack of interest in uncertainty
and field observations easily leads to reducing
the quality of the input parameters” [2]. Usually,

Introduction

The static modulus of deformation is the
parameter that best represents the mechanical
behaviour of a rock, and in particular when it
comes to underground excavations, therefore this
modulus is a cornerstone of many geomechanical
analyses. Field tests to determine this parameter
directly are time consuming and expensive,
and the reliability of the results of these tests is
sometimes questionable [1]. Because of this, the

deformation modulus is often estimated indirectly
from classification systems or by geophysical
methods. All methods of field modulus
measurement or estimation provide values
that vary from laboratory values by significant

the rock’s mechanical constants are measured in
rock cores or witness samples in the laboratory
using different methods that provides different
values [3]. Laboratory tests require high-quality
core samples, not always available, particularly
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from thinly-bedded rock masses. Therefore, the
modulus of elasticity may be estimated from
other rock properties using predictor equations
published in literature [4]. Attempting to diminish
the associated uncertainty, Artificial Intelligence
methods are being applied providing low-level
errors [5].

In situ estimation thereof, has been tried by
measuring the velocities of acoustic waves (P)
and shear (S) in seismic reflection surveys, to
which the rock density must be predetermined
[6], or by using well-logs in drill holes [7].
Poisson’s ratio and dynamic elastic modulus are
then estimated from Vp, Vs and p values, and
therefore, the immediate deformations [8].

The parameters p, Vp and Vs, are related to the
amplitude of the recorded waves and the distance
between the source and the receiver (offset)
according to a matrix system of equations [9]
which are approximated to linear equations [10]. In
order to estimate p, Vp and Vs from CMP gathers
the anterior equations that are used in an inversion
process named AVO analysis (Amplitude versus
offset). The seismic data are essentially sensitive
to both seismic wave velocities, and the density
of contrasts in the subsurface rocks. Due to
the significant overlap in the elastic properties
between different rock types, the mapping of the
elastic properties of the rock types and porosity
estimation are not trivial. The inversion itself is a
problem with multiple solutions (ill-posed) which,
in order to be solved, should be constrained by a
priori, (information-based-model), which restricts
the search space [11]. Genetic algorithms have
been used extensively to solve problems inherently
nonlinear [12]. The basic seismic processing
corrects the influence of the topography without
restriction of planar horizontal and parallel layers
[13].

A genetic algorithm based on AVO analysis
was coded in Matlab that invert CMP gathers,
and provide Vp, Vs, and p values, lately used
to calculate the elastic constants. Tested in
synthetic seismograms, the algorithm provided
reliable values of the elastic parameters. The
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algorithm was applied in a CMP gather acquired
in the vicinity of a well with available well logs,
proving elastic parameter values in rocks with
small errors, compared with those calculated
using the well logs.

The seismic surveys

For relatively shallow surveys, less than 20 m
deep, a seismic refraction survey as that shown
in figure 1A can be used to measure Vp and Vs,
with the limitation that each successively deeper
refractor must have a higher velocity than the
shallower refractor. The waves penetrate the
overburden and refract along the bedrock surface.
While they are traveling along this surface, they
continually refract seismic waves back to the
ground surface. If deeper refractors are present
and are imaged by the refraction spread, they will
also refract seismic waves back to the geophones
on the ground surface. As a result, a shot gather
that contains both acoustic and shear waves, as
shown in the record of figure 1B.
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Figure 1 A) Seismic refraction survey with direct,
reflected, and refracted path waves. B) Shot gather
showing the P wave first break, and below other wave
arrivals among which it is hard to identify which one
corresponds to the converted S wave



In figure 1B, the direct and refracted P and S
waves associated to the shallower layer must be
identified separately in order to pick their first
arrivals, which might be easy in the P case because
it corresponds to the first low amplitude and high
frequency signal that reaches the geophone. The
picking of the first arrival of the converted low
frequency S wave is a hard task, because it is not
possible to know a priori among the different
strong amplitude recorded S waves which one
corresponds to the converted wave. In another
expensive survey, a shearing source generates a
reflected S in the record that is commonly noisy.
In general, both procedures induce errors in the
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estimation of P and S velocities, the error being
bigger in the S case. On the other hand, the rock
density p is measured in a cored rock sample
that could be obtained depending on the drilling
depth.

In a configuration as of that in figure 2B, a source
and a geophone are situated symmetrically
around a Common Mid Point (CMP or CDP)
to record one trace, then the source-geophone
distance (offset) is increased and another trace
is recorded, the procedure is repeated until a set
of traces is obtained, as that shown in figure 2A
(CDP gather).

(B)
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Sources Geophones

YYYYYVYYYVYYVYYY
A [l

Depth

|

Reflectors (Layers)

Figure 2 A) The wave travel times depict a curve whose amplitude varies with the offset. B) In the CMP
configuration, sources and geophones are symmetrically arranged around the common midpoint

Elastic constants of rocks

Rocks in depth become more compact due to the
litho static pressure, which increases stiffness and
elastic wave velocities. In these circumstances
the behaviour of the rock changes from elastic
to rigid, a procedure known as enduring by
strain. To characterize a rock elastically, at least
two parameters among A (Lame’s constant), v
(Poisson’s ratio), (Elasticity modulus), (Bulk
modulus) y (shear modulus) must be known. The

parameters E and v are most commonly cited in
engineering. The modulus of elasticity or tensile
modulus (E) relates the stress component (c,) with
the uniaxial deformation component (&) expressed
as Hooke’s Law is given by equation (1):

o, = L¢g; (1)

For Sandstones E fluctuates from 0.5 to 8x10° kg/
cm? and for Shales from 1 to 3.5x10°kg/cm?

[14]
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In a shear stress (c,) equation (1) becomes
equation (2):

O'l-k = Gglk (2)

The shear deformation ¢, depends on the shear
modulus (G) that indicates the resistance of the
material to be sheared. Under uniaxial stress the
material shrinks in one direction (&) and expands
in the other (g,,), being Poisson’s ratio, the rate
between them, or numerically, the negative ratio
of transverse to axial strain. Poisson’s ratio is
described by equation (3)

3)

Under the hydrostatic pressure, the volume V of
a given mass of rock will be reduced to V - AV
when the pressure is exerted uniformly all over
its surface. The change in volume divided by the
original volume (AV/V) is named volumetric
strain and is linearly related with the exerted
pressure according to equation (4):

Av
PZKT C))

K is the Bulk modulus of the rock, and measures
the resistance of the material to be deformed.

The velocities with which acoustic and shear
waves travel through rocks depend on the density,
and on both the shear and the incompressibility
modulus, according equation (5) [14]:

K+iG
[/ —— (%)
! P
and equation (6)
G
Vvi=— 6
S= (6)

Consequently, and can be expressed in terms of
p, Vs and Vp [14] according equations (7 -10):

G=pV: )
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v=los(/m) -]/ -1 ®)

E=2G(1+v) 9)

K=E/[3(1-2v)] (10)

Also, the Oedometric modulus that measures
the variation of rigidity in depth is estimated by
equation (11):

Eoed =E[1—V]/[(1—2V)(1+V)] (11)

If a variable has a true value A, then the error to
estimate it is given by the ratio of the difference
OA between the true and the estimated value to
the true value, i.e. 0A/A. Suppose the variables
A.B,C, . . represent independent measurable
quantities used to obtain a value for some
calculated quantity U (A,B,C, .. .). According the
theory of errors [15, 16] if the errors for A,B,C,
. .. are independent and random, the difference
between the estimated and true value of U will be
given by equation (12):

85U = \[(Z—Z)Z (84)2 + (Z—Z)Z (6B)2 + - (12)

Considering the Equation 7, the error in
percentage (0G/G) in the estimation of G due
to errors in the estimation of density (dp/p) and
shear wave velocity (6Vs/Vs) will be estimated
by equation (13):

2= () +a(2) (13)

Equation 13 indicates the great sensitivity of
estimating G, because it depends on the square of
the shear wave velocity and on the rock density,
so errors of 10% on both p and Vs propagate an
error of 22.3% to G.

By a similar procedure applied to equation 8, to
establish the error in the estimation of Poisson’s
ratio due to errors on Vp and Vs it established by
equation (14):

vz (%) + (2 (14)

Vp Vs



Equation (15) points out that the error committed
in the estimation of Poisson’s ratio depends on
the errors in Vp and Vs, and in case of a Vp/Vs
ratio equals 2 and errors of 10% on both Vp and in
Vs estimations, Poisson’s ratio will be estimated
with an error of 28%.

Considering the error analysis on equation 9,
the error on the estimation of E is determined by
equation (15):

SE 56\? | (6v\?
=0 +(®) (15)
Equations (13-15) indicate a high sensitivity in
the estimation of the elastic parameters due to
errors committed in the estimation of density and
velocities of shear and acoustic waves, pointing
out the necessity of a reliable and robust method
to estimate them.

Amplitude analysis
versus offset - AVO

When a wave strikes an interface between two
media, part of its energy is reflected and part is
transmitted at angles that depend on the angle of
incidence (0) and velocities V,, Vi, V,,, V,, of
each media, while their amplitude depends, in
addition, on the densities p, and p.,.

When p, V,y V, vary slightly from one medium to
another, the complex matrix equation relating the
amplitude R (0) with all of the above parameters
can be approximated by the equation (16) [10]:

4 Vs

2
5 Sen®6 A
Vp Is

R(O) = ;(I—Tanzﬁ)Aljf -

Is |1 Vs? A (16)
S| Tan*o-2 Sz Sen?0 |
2 Vp P

The terms of the above equation are defined
operationally by the equations (17-23):

I, = (pZVpZ + plvpl)/z, (17)

AL, = (p2Vp2 = p1Vp1), (18)
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Iy = (p2Vsz + p1Vs1)/2, (19)

Aly = (p2Vsz = p1Vs1), (20)

Ve = (V1 +Vp2)/2, (21)

Ve = (Vs1 +Vs2)/2, (22)

Ap = (p2 = p1),p = (P2 + P1)/2, (23)

Genetic algorithm

The mathematical procedures to obtain information
about the physical world on the basis of inference
drawn from observations may provide multiple
solutions, so the principal objective in a non-linear
inverse problem is to locate a model for which a
suitable defined cost function has a minimum. The
optimal solution is searched in a large number of
possibilities or state space that can be restricted by
a priori information, e.g. a range of wave velocities
or densities. The optimal model must explain the
observations reasonably well within the limits
of noise in the data. In presence of minima, a
premature convergence to a solution may appear
without considering the entire search space.
Minima global optimization methods, which are
generally stochastic algorithms, avoid these local
minima and converge to a global optimal solution.
Genetic algorithms establish an analogy between
a set of solutions to a problem, called phenotype,
and a set of individuals in a natural population,
encoding the information of each solution in a
string or chromosomes. Each of these individuals
is seen as a point in the search space, and symbols
that form the chain of chromosomes are called
genes. Individuals evolve through iterations, called
generations. In each generation, individuals are
evaluated by measuring the adaptation function
that measures similarities between the observed
and synthetic data, then the best adapted models
are selected to replace the previous generation. In
each iteration, the selection, recombination and
mutation generate new individuals until the full
set of generations is achieved [17]. The structure
of the genetic algorithm is shown in figure 3.
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Figure 3 Flow diagram of the genetic algorithm, that iterates a predetermined number of times until it provides
the best adapted individual or the model with the lowest RMS error

Each individual (model) is represented by the
matrix, where I is the number of layers, M the
length of each of the 3 binary strings for V,
V. and p, whose values fluctuate within pre-
established ranges. An initial population is
generated randomly using a uniform distribution.
Amplitudes are calculated for each angle and
each reflector with equation (12), to create the
synthetic seismogram by convolving with the
wavelet extracted from the CDP record using
statistical methods. The RMS error between
the synthetic seismogram, associated with each
individual, and the CDP gather is calculated.
By selection, combination, and mutation, new
patterns are generated, iterating until the number
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of established generations pass and the optimal
model is delivered.

Inverting synthetic seismograms

The figure 4A shows a synthetic CDP gather
generated through equation 16 that simulates the
seismic response in the 7- layer model depicted
in figure 4B. The genetic algorithm was applied
to this CDP gather doing the inversion, and
providing the solution model whose numerical
values are included in figure 4C. The comparison
between the former and the estimated model
resulted in V,, V and p maximum errors of 0.269
km/s, 0.176 km/s and 0.089 g/cc, which are
considered acceptable small errors.
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Figure 4 A) The generated Synthetic CDP gather shows how amplitudes vary with angle B) Model used to
generate the synthetic gather C) model inferred by the AG. The units are km/s for the velocity and (g/cc) for the
density

Equations (7-9) together with the V|, V¢ and p shown in table 1 indicate errors below 20% in the
values of both former and predicted models, estimation of these parameters. This order error
were used to calculate Poissonys ratios, elasticity is considered acceptable to design calculations in
modules and estimation errors. The results engineering that involve rocks [18].

Table 1 Poisson ratio, elasticity modulus and estimation errors are included. The elasticity coefficient units are
10% kg/cm? and errors are indicated in %

v model v estimated v error E model E estimated E error
0.40 0.39 0.87 7.62 8.90 16.7
0.34 0.32 6.7 17.99 18.03 0.1
0.42 0.39 9.2 7.62 6.39 16.1
0.22 0.18 18.0 23.74 24.85 4.6
0.40 0.39 4.0 7.62 7.80 24
0.31 0.28 10.0 26.59 25.36 4.6
0.41 0.39 4.0 7.63 7.33 3.7

Inverting real data The figure 5 shows the sonic log measured in
usec/m, and the density log in g/cc. On the right,
it shows a seismic image of the subsurface in
the vicinity of the well, along 40m in the 1400-
1800 ms interval. The seismic in the vicinity of
the well is tied by identifying lithic units, and

The genetic algorithm was applied to seismic
data in an area controlled by well logs, where the
lithology comprises layers that vary from clean
Sandstone to Shale partially saturated with water.
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the time-depth relationship. Then, a CDP gather ~ a dynamic correction (Normal Move out) until
located in the vicinity of the well was selected  the section in figure 6A was achieved. For a full
and processed by filtering and applying static explanation of the anterior steps a specialized
corrections a plane datum, and finally, applying literature is recommended [13].
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Figure 5 On the left the sonic log (V,), and aside the density log (p), with which the lithic column is tied with the
traces seismic near the wellbore
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Figure 6 A) Interval of interest in the CMP gather located in the vicinity of the well, B) On the left the true (thick
line) and the predicted (thin line) Poisson ratio curves and on the right the true (thick line) and the predicted (thin
line) elasticity coefficients curves, supplied by the inversion
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Figure 6A shows the 1550-1750 ms interval of
a gather previously processed until the reflectors
become horizontal, where the estimated incidence
angles vary between 0° and 15°. As a result of
applying the genetic algorithm from 1600 to
1700 ms of the CDP gather, Poisson ratio and
elasticity coefficient values were obtained. The
true values were calculated using well log data
and equations 6, 8 and 9. Figure 6B shows on
the left the predicted and the true Poisson ratio
curves and on the right the true and the predicted
elasticity coefficient curves, where true and
predicted values look very close. The errors in
the estimation of these parameters are below 20%
consistent with the observed errors in the case of
the synthetic model.

Conclusions

An indirect method to estimate rock’s elastic
properties in situ, by the inversion of reflection
records, is presented. Implemented in a Matlab
code, the GA was tested on synthetic data
supplying reliable Poisson’s ratios and elasticity
coefficients. Applied to a depth interval of a
CDP gather located near a well, the GA provided
reliable Poisson s ratios and elasticity coefficients
according to available well logs. Theoretical
analysis of errors pointed out the high sensibility
of elastic parameters associated to the uncertainty
in shear wave velocity estimation. The method
overcomes the limitations faced of the refraction
method, the high uncertainty in the estimation of
shear wave velocity and availability of a core rock
to measure density in the laboratory. The results,
achieved in the synthetic and real cases, outline
the robustness and low sensibility of the GA. The
level of uncertainty in the parameter estimation
is considered acceptable in calculations that
involve rocks. This non-expensive method has a
deeper scope than the refraction method and is
applicable to different engineering fields.
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