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ABSTRACT: This paper presents and discusses three different wave propagation methods

used to evaluate the shear wave velocities, Vs, computed from Bender Element (BE) analyses
during triaxial testing. The peak-to-peak travel time, cross-correlation and phase-delay
approaches were employed to calculate Vs and to determine the error in wave propagation
velocities when time domain and frequency domain methods are implemented. The results
obtained from vertical BE tests conducted on clay specimens indicates that, when the proper
BE testing conditions are met, the differences in Vs calculated using the three methods were
within ±2%. This error is small and indicates that the peak-to-peak method, the simplest and
fastest time domain approach, can be employed as a straight forward method to determine
shear wave velocities.

RESUMEN: Este artículo presenta y discute tres métodos para evaluar la velocidad de la
onda cortante, Vs, con base en el análisis de señales de “Bender Elements” (BE) tomadas
durante ensayos triaxiales. Los métodos de tiempo de viaje de pico-a-pico (peak-to-peak
travel time), correlación cruzada (cross-correlation) y fase retrasada (phase-delay) fueron
empleados para calcular Vs, y determinar el error en la velocidad de propagación de la onda
cuando se realizan los análisis en el dominio del tiempo y en el dominio de la frecuencia. Los
resultados obtenidos de los ensayos Bender Element indican que cuando las condiciones
apropiadas se cumplen, las diferencias entre los valores calculados de Vs usando los
tres métodos varían entre ±2%. Este error es pequeño y está entre los rangos aceptables
indicando que el método de tiempo de viaje pico-a-pico, el cual es el método más sencillo y
rápido de aplicar, puede ser empleado como un método directo para calcular la velocidad de
la onda cortante.

1. Introduction
Soil is an incrementally non-linear material. As such,
stiffness varies widely as a function of strain and direction
of loading. Furthermore, greater emphasis has been
placed on soil behavior at small strains (<0.1 %) since [1]
suggested that strains developed in situ under working
load conditions were smaller than previously thought.
Sophisticated measurement systems and devices have
become an essential component of advanced laboratory
testing to define soil responses at the very small-strain
or “elastic” range
( < 0.001%), and to investigate the
non-linear soil behavior exhibited by most natural soils [2].
The use of internal instrumentation such as on-specimen
LVDTs allows for shear strain measurements as small
as 0.002%. Dynamic measuring devices such as Bender
Elements (BE) provide a simple technique to determine
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the elastic (very small-strain) shear stiffness. Bender
elements [3], in which an elastic modulus is derived based
on the wave propagation theory, enhance the capabilities
of triaxial testing devices such that one can measure both
“dynamic” and “static” parameters of soils subjected to
axisymmetric stress conditions. Because the BEs induce
very small strains which keep the specimen intact during
loading, synchronous measurement of elastic and elasticplastic responses during “static” loading is possible [4-6].
Bender elements are thin piezoceramic electro-mechanical
transducers capable of transmitting and receiving signals,
and thus can measure wave velocities in a sample when
supplied on both sides. BEs consist of two piezoceramic
plates bonded together in series or parallel with a brass
electrode plate in between [7]. They convert electrical
energy into mechanical movement and vice versa. BEs are
typically mounted in the base pedestal and top cap of a
triaxial cell. When excited by an input voltage, the source
element bends, emitting a horizontally polarized wave that
travels through the soil sample. The wave motion causes
the receiver element to mechanically vibrate, inducing
a voltage signal that is captured by an oscilloscope or
DOI: 10.17533/udea.redin.n76a13
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high-speed digital data acquisition system. The shear
wave velocity, V_s , is calculated by determining the travel
distance, d, and the travel time, t_BE . The travel length has
been traditionally standardized as the tip-to-tip distance
between BE source and receiver and its determination is
straightforward. Changes in the specimen’s length and
diameter are easily tracked during triaxial testing via
internal dynamic actuator displacement gauges and onspecimen radial LVDTs, respectively. On the other hand, the
determination of the travel time is troublesome and has
been a subject of great controversy [8-16].
This paper presents typical results obtained from vertical
BE tests conducted on Bootlegger Cove Formation clay
specimens under triaxial testing conditions to calculate their
respective shear wave propagation velocities. Two time domain
methods (peak-to-peak travel time and cross-correlation) and
a frequency domain approach (phase-delay) are presented
and fully discussed to show that the error in determining
propagation velocity using a frequency domain approach is
smaller than those associated with time domain methods.
However, when the proper BE testing conditions are met, the
differences in shear wave velocity calculated using the three
different methods were within ±2%, indicating that one could
employ a straight forward method such as peak-to-peak to
determine shear wave velocities.

triaxial apparatus, internal instrumentation and bender
element equipment are provided by [17-20].
Thin-walled Shelby tube samples of Bootlegger Cove
Formation (BCF) clay were extracted from the Port
of Anchorage, Alaska. According to the Unified Soil
Classification System, this soil is classified as a low
to medium plasticity (CL) clay with medium to stiff
consistency. It presents a Plastic Limit, PL, of about 20%,
a liquid limit, LL, between 35% and 50% and natural water
contents averaging 30%. Oedometer test results indicated a
, of approximately 525 kPa and
maximum past pressure,
that the material is heavily overconsolidated.
Soil samples were removed from Shelby tubes by making
two longitudinal cuts located 180º apart over the entire
length of the 30-in.-long tubes and separating the split
tube. After sample extraction, specimens were hand
trimmed to approximately 70 mm in diameter and 150 mm
in length, the internal instrumentation was installed and the
specimens mounted on the triaxial cell. For each specimen,
, was measured and
the residual effective stress,
saturation under a constant confinement stress equal to
performed. Subsequently, specimens were reconsolidated
to their in situ effective stress state under
conditions,
subjected to a drained creep period and sheared in different
modes and stress path directions. BE tests were conducted
synchronously throughout the entire testing sequence. A
detailed description of the employed BCF clay and testing
procedures can be found in [20-23].

2. Laboratory equipment,
soil samples and testing
procedures
3. Bender Elements and
methods of analyses
An electromechanical dynamic triaxial testing system
manufactured by GDS Instruments Ltd was combined with
internal instrumentation to conduct the experiments. It
included a submersible load cell and three subminiature
LVDTs to measure responses at very small strains (< 0.1%).

It also minimizes the effects of complicated boundary
responses and eliminates errors caused by apparatus
compliance, sample seating and sample tilting. In addition
to internal instrumentation, Bender Elements (BEs) fixed
to the bottom pedestal and top cap were used to measure
travel times, determine propagation velocities and estimate
shear stiffness at very small strains during the experiments.
Bender elements were connected to an external control
box that supplies the transducer power, performs the
signal conditioning, amplifies the source signal, and
switches between circuits (i.e. P and S wave testing). The
digital-to-analogue conversion of the source signal and
the analogue-to-digital conversion of the receiver signal
are carried out by the high-speed data acquisition system.
The BEs and corresponding data acquisition system (highspeed, 16-bit resolution and 200 kHz sampling rate) were
manufactured by GDS Instruments Ltd. BEs are made of
piezoelectric ceramic bimorphs bounded into a titanium
insert which reduces their total weight. The BEs were
11-mm-wide, 1-mm-thick and extended about 1 mm into
the soil specimens. Detailed specifications of the employed
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3.1. Background
The bender element method, as any other wave propagation
method, is based on several simplifying assumptions,
including: (i) the soil behaves as an ideal linear elastic
continuum (i.e., the strains induced in the soil by the source
are very small); (ii) the body waves imposed by the source to
the soil are plane shear waves (i.e., only transverse motion
travels with the velocity of the shear wave); and (iii) the
soil sample acts as an infinite medium (i.e., all the waves
reﬂected from the boundaries of the sample arrive later
at the receiver than the direct wave originating from the
transmitter).
There is little evidence to support that the soil behaves as
an ideal linear elastic continuum during BE testing since
it is virtually impossible to measure the actual strain at
the contact between the soil and the bender element. In
addition, waves generated by a point source are in reality
spherical rather than planar (as assumed) and exhibit a
very complex propagation and polarization pattern making
theoretically impossible the separation of the body wave
into shear and compression components. [24, 25] showed
how different estimates of travel time that should be equal
under the plane wave assumption may differ by up to 50% of
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their average value. This is equivalent to a 100% uncertainty
in modulus determination. Finally, laboratory specimens
have finite dimensions and are far from being an infinite
medium. Closed form analytical solutions based on infinite
medium assumption are not applicable due to the complex
boundary conditions of a triaxial sample equipped with BEs.
However, non-linearity during BE testing does not seem to be
important as strain levels, measured via laser interferometry
techniques with resolutions as small as 0.0008 µm [26, 27], are
likely less than 10–5 and suggest no accumulation of strains
due to the induced dynamic loading. It leaves the dispersioninducing phenomena as the biggest source of uncertainty
during BE testing. [28-30] among others have theoretically
and empirically approached this problem. They found that
the intrinsic attenuation of seismic waves separates the
near-field coupled compression and shear waves from the
far-field pure shear waves, and recommended values of
, where
is the wavelength of the input signal,
to avoid overestimation of the shear wave velocities due
to near-field effects. In addition, the development of finite
element methods allows the evaluation of wave propagation
and reﬂection phenomena during BE testing. By using a
full 3D model of a triaxial specimen with BEs, [31] found by
comparing contours of strain at distinct time instants that
the direct shear wave reaches the receiver first and there
are not reﬂections from the sides of the mesh. In general,
bender elements should perform adequately and yield
reliable results provided that the controllable conditions
discussed above are met.

3.2. Bender Element input and
output signals
BE tests were conducted by inducing a single-pulse sinusoidal
input signal with an amplitude of 14 Volts and a frequency of
. A minimum
5 kHz meeting the requirements of
of 10 output signals were stacked for each BE test and then
averaged to minimize electrical noise. Figure 1 shows the BE

input and obtained averaged output signals for a typical BE
test conducted at the end of the reconsolidation stage of a
BCF clay specimen. At the moment of BE testing, the travel
distance, , calculated as the tip-to-tip distant between BE
source and receiver was estimated to be 144.44 mm.

3.3. Peak-to-peak approach
The peak-to-peak approach is the simplest and fastest time
domain method to calculate wave travel times. It simply
identifies the time span between the major first peaks of
the input and output waveforms. Typical input and output
signals obtained from single pulse sinusoidal bender
element tests are presented in Figure 1, as well as the
identified first and second picks necessary to calculate the
wave travel times.
When using time domain methods, the sampling frequency
must be high enough to overcome the problems resulting
from low time resolution. Herein, BE input and output
signals were recorded at a sampling frequency of 300
kHz. It corresponds to a time resolution of 0.0033 ms.
With this time resolution, the propagation velocity can be
resolved to approximately ±0.7 m/s, which corresponds to
approximately ±0.7 MPa in the determination of maximum
shear moduli for the average dimensions and properties of
the tested specimens. As explained by [17, 32], the signals
contain noise and the waveforms peaks can shift back and
forth for different BE shots conducted at the same sample
conditions, implying that the propagation velocity and
maximum shear modulus determination are vulnerable to
noise and resulting errors can be greater than ±0.7 m/s and
±0.7 MPa, respectively.

3.4. Cross-correlation approach
Cross-correlation is an alternative signal processing
method applied to BE soil testing [16] that eliminates
subjective “picking” of travel times. The cross-correlation

Figure 1 BE input and output signals
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function
is a measure of the degree of correlation
or similarity of two signals
and
as a function of a
time-lag applied to one of them. It is defined as (Eq. 1):

The phase-delay method calculates the wave propagation
velocity,
, based on the phase of the cross-power
spectrum
[16, 34] as (Eq. 2):

(1)

(2)

where
is the time record,
, is the signal at the
receiver,
is the driving signal, and its the time shift
between the signals.

where is the wavelength and the cross-power spectrum
is given by (Eq. 3):

The basic assumption in the cross-correlation method is that
the travel time is equal to the time shift
corresponding
to the maximum value of Eq. (1). Thus,
represents the
travel time between the BE source and receiver. Figure 2
shows the cross-correlation of the signals presented in
Figure 1 normalized with respect to the maximum absolute
value,
, and gives the cross-correlation travel
times.

(3)
In Eq. (3),
is the linear spectrum of
calculated via
the Fast Fourier Transform,
, and
is the complex conjugate of the linear spectrum of
.
The shear wave propagation velocities based on the phasedelay approach are computed by:
1.

Using a Hann window function [36], the unnecessary
peaks were removed. The window function was
centered on the first received peak of the raw data and
an appropriate width selected to remove unnecessary
peaks in the signal (see Figure 3).

Figure 2 Cross-correlation results
The cross-correlation approach is also sensitive to error.
[33] recommended the use of this method only if near-field
effects are not pronounced and the two receivers possess
very similar transfer functions. When the two signals
have different frequencies, the cross-correlation function
might have several maximum absolute values and
the identification of the time shift or travel time is confused.
Additionally, the cross-correlation is also a time domain
approach and the limitations with regard to the maximum
BE sampling frequency and time resolution discussed for
the peak-to-peak method also affect the final results.

3.5. Phase-delay approach
The phase-delay analysis of continuous signals has long
been used to estimate shear wave velocities in different
mediums and applications [34, 35]. The application of this
method to the analysis of BE tests was first introduced by
[16] to avoid the determination of wave travel times using
only subjective visual inspection of the BE input and output
signals.
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Figure 3 Hann and windowed functions
2.

The frequency resolution of the window functions
obtained in step 1 was enhanced by applying “zeropadding”. This enhancement adds zeroes at the
signal tail to increase the number of data points in the
time domain. The frequency resolution is determined
as (Eq. 4):
(4)

where N and Δt are the number of data points and sampling
interval, respectively. For the signals analyzed herein, the total
sampling time and Δt were 2 ms and 1/300 ms, respectively.
This procedure yields 600 data points and Δf = 500 Hz for
vertically propagating waves. In this analysis, the frequency
resolution of the window functions was enhanced to 0.1 Hz by
increasing the number of data points to 3 × 106.
3.

The enhanced frequency window functions obtained
in step 2 were changed from the time domain to
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Figure 4 Cross-power spectrums: a) wrapped and b) unwrapped
the frequency domain via FFT and the cross-power
spectrums calculated using Eq. (3). Additionally,
the cross-power spectrums were unwrapped. The

unwrapping algorithm added appropriate multiples of
period to each phase input to reconstruct the signal’s
original phase values. Figure 4 shows the wrapped

Figure 5 Phase-delay method a) dominant frequencies and b) corresponding shear wave
propagation velocities
and unwrapped cross-power spectrums for the BE
signals shown on Figure 1.
4.

The propagation velocities were calculated as a
function of frequency using Eq. (2). Figure 5b presents
the velocity dispersion curve. Also included in Figure
5 are the dominant frequencies of the input and output
BE signals and their corresponding propagation
velocity values.

The phase-delay method was developed for the analysis of
continuous signals. However, the waves in a BE tests are
transient and dispersive in nature. The application of the
phase-delay method to BEs assumes that the system is
partially dispersive and that the cross-power spectrum can
be approximated by a straight line [16, 37, 38]. The results
presented in Figure 4, suggest that the low dispersion
assumption is valid over the range of frequencies for the BE
signals analyzed herein.

Another consequence of the transient and dispersive
nature of the BE signals is that their dominant frequency
changes from the time to the frequency domains (see
Figure 5). Hence, a single propagation velocity cannot be
determined using the phase-delay method. Only a range of
propagation velocities corresponding to the interest range
of frequencies can be obtained. However, when using a
frequency domain approach, the analysis is less sensitive
to noise and near-field effects than for manual travel time
picks, it was noted that the possible induced error in the
determination of shear wave propagation velocities via
the phase-delay method (approximately ±0.5 m/s) is just a
little less than the error induced by using the peak-to-peak
approach (±0.7 m/s). Additionally, differences in propagation
velocities determined by the three methods discussed
herein are within ±2%. It indicates that as long as the proper
BE testing conditions are met, one could employ a straight
forward method such as peak-to-peak to determine shear
wave velocities.
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4. Summary and
conclusions
This paper presented two time domain methods (peak-topeak travel time and cross-correlation) and a frequency
domain approach (phase-delay) to estimate shear wave
propagation velocities based on Bender Elements tests
performed under triaxial testing conditions. The analysis
procedures for each method were presented and their
advantages and limitations discussed. From the information
presented herein, the following can be concluded:
1.

2.

3.

In general, bender elements should perform
adequately and yield reliable results provided that
, to avoid overestimation of the shear wave
velocities due to near-field effects. In the case of using
time domain approaches, the sampling frequency
must be high enough to overcome the problems
resulting from low time resolution.
A single propagation velocity cannot be determined
using the phase-delay method. Only a range of
propagation velocities corresponding to the interest
range of frequencies can be obtained. However,
the error in determining propagation velocity using
a frequency domain approach is smaller than
those associated with time domain methods as the
subjective “picking” of travel times is eliminated.
When the proper BE testing conditions are met, the
differences in shear wave velocity calculated using the
three different methods were within ±2%, indicating
that one could employ a straight forward method such
as peak-to-peak to determine shear wave velocities.
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