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ABSTRACT: A numerical fragmentation model is proposed to predict the mechanical response
of intermingled, unidirectional hybrid composites under tensile loads. The model is based on
a previously developed for unidirectional composites considering the critical number of fiber
breaks and the correction of the fiber-matrix interfacial strength. Hybrids comprising two
reinforcements are considered, and the energetic contribution of reinforcements is evaluated
during the damage process. Additionally, the pseudo-ductile strain, yield strength, and the
level of degradation of each reinforcement are estimated. The present model is compared
with a progressive failure model and micromechanical finite element simulations, obtaining
some similarities in the stress-strain behavior. Results show that both low elongation and high
elongation fiber sub-composite experience a linear tensile response where fibers remain intact
(IF), and fragmentation (FM) where breaking appears. The sliding/separation phenomenon (SS)
occurs in one of the sub-composites when crack saturation is obtained, and failure occurs
when the other one undergoes the crack saturation. Results also show that the IF, FM, and
SS phenomena are conditioned by the fiber mixing ratio, α. The model allows estimating the
optimal value of α for which the highest pseudo-ductile strain and hybrid effect are reached.

RESUMEN: En este trabajo, se propone un modelo numérico de fragmentación para predecir
la respuesta mecánica de compuestos híbridos entremezclados, unidireccionales bajo cargas
de tensión. El modelo está basado en uno desarrollado previamente para compuestos
unidireccionales considerando el número crítico de grietas de fibra y la corrección de la
resistencia interfacial fibra-matriz. Se consideran los híbridos conformados por dos refuerzos
y es evaluada la contribución energética de ambos durante el proceso de daño. Adicionalmente,
la deformación unitaria pseudo-dúctil, la resistencia a fluencia y el nivel de degradación de cada
refuerzo son estimados. El presente modelo es comparado con un modelo de falla progresiva
y simulaciones micromecánicas por elementos finitos, obteniendo algunas similitudes en el
comportamiento esfuerzo-deformación. Los resultados muestran que tanto el sub-compuesto
de baja elongación como el de alta elongación experimentan una respuesta lineal a tensión
donde las fibras permanecen intactas (IF), y fragmentación (FM) donde la rotura ocurre. El
fenómeno de deslizamiento/separación (SS) surge en uno de los sub-compuestos cuando la
saturación de grietas es alcanzada, y la falla ocurre cuando el otro experimenta saturación de
grietas. Los resultados también muestran que los fenómenos IF, FM y SS están condicionados
por el radio de mezcla de fibra, α. El modelo permite estimar el valor óptimo de α para el cual
la máxima deformación unitaria pseudo-dúctil y efecto híbrido son alcanzados.

1. Introduction

A composite is a material produced from two or more
constituentmaterials. They can bemore damage-resistant
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and pseudo-ductile if different reinforcements are
combined to obtain hybrid configurations. The purpose of
integrating two types of fibers into a single composite is to
maintain the advantages of both fibers and mitigate some
drawbacks. The reinforcements of the hybrid composite
are typically classified as low elongation (LE) and high
elongation (HE) fibers. Generally, in layer-by-layer
hybrids, the failure takes place first in the LE fibers. The
hybrid effect has been evidenced in the seventies by [1]
in a study about hybrid composites with unidirectional
carbon and glass layers, where an increase of the ultimate
strain of carbon fibers hybridized with glass was obtained
with respect to non-hybrid carbon laminates. In a similar
fashion, [2] also reported an increase of the ultimate strain
in unidirectional hybrid carbon/glass laminates compared
to only carbon ones. The pseudo-ductile behavior of hybrid
composites has been noticed by [3] in glass/carbon/glass
sandwich laminates. In [4], a previously developed model
for unidirectional composites was extended to analyze the
hybrid effect in terms of three parameters: low elongation
fiber strength scatter, hybridization fiber stiffness, and
failure strain. The increase of the former parameter
brings about the continuous growth of the hybrid effect,
whereas the increase of the ratio between failure strain of
high-elongation (HE) and low-elongation (LE) composite
causes the increment of this effect until a determined
point, from which this change is practically negligible.
Increasing the stiffness of the hybridization fiber also
contributes to enlarging the hybrid effect.

The pseudo-ductile response of composites obtained
by means of hybridization has gained great interest in
the scientific community. When the damage starts and
develops gradually in a hybrid composite, the stress-strain
response is not linear. Figure 1 shows the generalized
tensile response in a pseudo-ductile hybrid composite
subjected to tensile load. Two aspects can be highlighted:
a) the extra strain obtained due to the gradual failure,
which is called the pseudo-ductile strain, εpseudo; b) the
stress at which the tensile response considerably deviates
from the initial linear elastic behavior, referred to as
yield strength, σy . The pseudo-ductile strain, εpseudo, is
defined as the extra strain between the ultimate strain and
the strain corresponding to the initial straight line at the
ultimate stress level. In composites, the yield strength, σy ,
is taken as the point where the curve noticeably deviates
from its initial linear slope and can be computed using the
0.1% offset method [5], as shown in Figure 1.

Most of the studies about hybrid materials have been
made at a macroscopic scale by combining layers of
fibers of different nature, obtaining an improvement of
mechanical properties and progressive damage of the
constituent materials [6–14]. Recently, some studies
have focused on the improvement of the mechanical

properties of composites by means of hybridization, by
both using different kinds of reinforcement for the bundles
[15, 16] or by doing parallel mixing tow-by-tow [15–18].
At a microscopic scale, hybridization consists of the
intermingling of continuous or discontinuous filaments;
this avoids the interlayer stresses and reduces the stress
concentration that appears due to the different properties
of the constituent materials [16, 19–23]. This hybridization
allows minimizing the risk of a catastrophic failure
[6, 20, 21, 23–28]. However, intermingled hybridization
does not always generate a higher hybrid effect than
bundle-by-bundle and layer-by-layer hybridization since
other variables are involved in the phenomena associated
with this effect: stress-strain behavior of constituents,
fiber arrangements, dispersion degree, global fiber
volume content, among others [16, 23].

Some studies have investigated the importance of
the constituents’ proportions on the hybrid behavior,
concluding that there is an upper threshold for the volume
ratio of LE to HE fibers, above which the complete fracture
can be considered brittle [29–31]. Other approaches
have focused on the local fiber arrangement, where the
proportion, as well as the thickness of the constituents,
plays an important role in obtaining a pseudo-ductile
response [9, 11, 12, 32–34].

In previous works [35, 36], we developed a Global
Load Sharing (GLS)-based model, named CNB+τ∗ model,
to obtain the stress-strain curves of glass and carbon
unidirectional composites considering the critical number
of fiber breaks and the correction of the fiber-matrix
interfacial strength. The accuracy of CNB+τ∗ model was
assessed by comparing the ultimate tensile strengths
with the experimental ones reported in the literature.
This initial assessment showed that CNB+τ∗ model has
acceptable accuracy. Based on this previous work, a
fragmentation model is developed here to predict the
tensile response of hybrid unidirectional composites; this
model is able to evaluate the energetic contribution of
two intermingled reinforcements with different elongation
levels. Furthermore, the present model allows calculating
the pseudo-ductility and yield strength of the hybrid
composite. Additionally, it shows quantitatively the level
of degradation of each type of reinforcement (LE and
HE) in three stages of loading associated with three
phenomena: linear elastic response (intact fibers),
sequential fragmentation of fibers, and sliding/separation.
The characteristics of the abovementioned phenomena
are conditioned by the mixing ratio between LE and HE
reinforcements, which in turn determines the global
response of the composite and its pseudo-ductile
behavior. In this work, the optimum fiber mixing ratio
leading to the highest pseudo-ductile strain is numerically
found. Moreover, the ultimate tensile strength and
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pseudo-ductility are studied as a function of the global
fiber volume content, Vf , and the fiber mixing ratio, α.

 

 

Figure 1 Non-linear stress–strain curve with gradual damage
process

2. Fragmentation model for
single-fiber composites

2.1 State of the art on fragmentation models
for single-fiber composites

Modeling fragmentation is fundamental for the
determination of the mechanical stress-strain response
of composite materials [37–39]. One of the earlier models
was developed in [40], where a stress-strain analytical law
was obtained from a Taylor series expansion of the Weibull
function of strength. This model was later extended
in [41, 42] to explain the superposition of the influence
zones nearby the fiber breaks. On the other hand, in
[43], a governing equation was obtained for a problem
of fiber fragmentation; however, this cannot be solved
analytically. More recently, in [44], a progressive damage
model for unidirectional composite laminates based on
the fragmentation phenomenon was developed, capable of
accounting for the loss of stiffness on the neighborhood of
the break. The main difference between these works lies
in considering or not phenomena such as fiber pull-out,
fiber sliding and separation, and/or the distribution of
load after breaking. The model developed by Neumeister
[41, 42] is widely used and includes a refined constitutive
law with a suitable approximation to predict the tensile
behavior of brittle materials. The Neumeister equation is
given by (1):

σ∞Neum
= Vf · σf

[
1

w + 1
+

1

2 · ln (w + 1)

(
w

w + 1

)2
]
(1)

where w is a damage variable depending on: fiber stress
(σf ), critical stress (σc), and Weibull modulus (β), as given
by (2):

w =

(
σf

σc

)β+1

(2)

Although the stress-strain behavior predicted by the
classical GLS-based models acceptably agrees with
experiments for the low density of fiber breaks, there
is a considerable difference between the numerical and
experimental ultimate tensile strengths. In general,
GLS-based models considerably overpredict the tensile
strength because they do not account for the stress
concentration around fiber breaks [45]. When a fiber
break takes place, the load is redistributed in the intact
neighboring fibers to reach the local equilibrium. The
stress is increased in the neighboring fibers, raising their
breaking probability. The stress concentration around
the fibers can be considered by the Local Load Sharing
(LLS) models [38, 39, 46–49]. They make use of complex
mathematical formulations [39, 50, 51] or numerical
Monte-Carlo Simulations [38, 52–55]. In general, LLS
models underpredict the composite strength [56].

2.2 Prediction of composite tensile behavior
by CNB+τ ∗ model

Given the advantage of GLS-based models to provide
fast results, a model to accurately predict the ultimate
tensile strength of unidirectional composites within a
GLS framework, named CNB+τ∗ model, was previously
developed [35, 36]. According to that model, the failure
of the composite occurs when a critical density of fiber
breaks, depending entirely on the constituent properties, is
reached; when such happens, the fiber breaks interaction
becomes significant to create ‘avalanches events’ of
broken fibers that bring about the failure. Furthermore, it
was introduced the overall fragmentation limit stress, σ′

c,
defined as the remote stress that leads to the fiber crack
saturation, see (3) [35]:

σ′
c =

σc

Vf
(3)

where σC is called the critical stress, which is computed
as given in (4):

σC = σ0

(
2 · Lo · τ
d · σ0

) 1
β+1

(4)

and Vf is the fiber volume content of the composite. In
(4), σ0 is the characteristic stress, Lo is the characteristic
length, τ is the fiber-matrix interfacial strength, d is
fiber diameter, and β is Weibull modulus. The critical
number of fiber breaks per unit length (ΛC ) and the overall
fragmentation limit stress (σ′

C ) are the same loading state,
i.e., where fiber fragmentation ceases. A fitting model
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relating these two parameters, ΛC and σ′
C , was obtained

as given by (5) [35]:

ΛC = ea·(σ
′
C)

2
+b·(σ′

C)+c (5)

with a, b and c as fitting parameters for CFRP and GFPR
composites given in Vanegas et al. [35]. In the CNB+τ∗

model, the ultimate tensile strength of the composite is
achieved by using (6):

σCNB+τ∗ = Vf · (ΛCL0)
1
β · σ0·

1

(2Lt · ΛC) + 1
+

1

2 · ln ((2Lt · ΛC) + 1)(
(2Lt · ΛC)

(2Lt · ΛC) + 1

)2

(6)

Additionally, in the CNB+τ∗ model, an iterative,
least-square numerical algorithm was developed to
recursively correct the fiber-matrix interfacial strength, τ ,
in such a way that the peak point of the stress-strain curve
obtained by (1) agrees with the tensile strength calculated
in (6), keeping constant the Young modulus. In the present
work, CNB+τ∗ model is extended to analyze the tensile
behavior of hybrid composites.

2.3 Decomposition of the mechanical
response of composite materials

If Hooke´s law is used in the fibers, i.e., σf = Efε, the
damage variable (2) can be stated as (7):

w = Υ · εκ (7)

where ε is strain, Ef is fiber modulus, Υ = (Ef / σc)
κ,

κ = β+1, σc is the critical stress as calculated by (4) using
τ = τ∗ (the corrected fiber-matrix interfacial strength),
and β is the Weibull modulus. By substituting (7) into (1),
it is achieved the stress-strain equation (8) of CNB+τ∗

model:

σ∞Neum,CNB+τ∗ = ε · η · [G (ε) +H (ε)] (8)

where η = VfEf , while the first and second terms in
brackets in (8) are the functions of intact fibers,G (ε), and
sliding/separation, H (ε), respectively, as defined by (9)
and (10):

G(ε) =
1

Υ · εκ + 1
(9)

H(ε) =
1

2 · ln (Υ · εκ + 1)
·
(

Υ · εκ

γ · εκ + 1

)2

(10)

The curve σ vs. ε obtained from (8) can be divided
into several zones accounting for the phenomena involved
during the damage process, as shown in Figure 2 for a
CFRP composite. These zones are: zone of intact fibers
(green zone) where fiber fragmentation is not occurring and

a linear elastic behavior is reached, zone of fragmentation
(orange zone) where successive fiber breaking takes
place until the crack saturation arises, and zone of
sliding/separation (red zone) where fiber breaking stops
and the loading support capacity is reduced. In the elastic
zone, the function of intact fibers,G (ε), is practically one,
whereas the sliding/separation function,H (ε), is virtually
zero. When G (ε) < 0.999 approximately, fragmentation
process begins. When fiber fragments are shorter
than the critical length, Lc, the crack saturation occurs
and the sliding/separation function, H (ε), turns out to
be important, with experiencing sliding and subsequent
separation.

 

 

Figure 2 Identification of the principal phenomena in the σ vs ε
curve for a CFRP composite with the next properties [45]: Vf =

0.4,Ef = 230 GPa, σo = 5000 MPa, Lo = 25 mm, β = 7, τ = 50 MPa

3. Fragmentation model for hybrid
composites

3.1 State of the art on fragmentation models
for hybrid composites

One of the first works focused onmodeling the mechanical
response of hybrid composites was proposed in [57],
where an extended shear lag model was implemented
for a one-dimensional arrangement of alternating LE
and HE fibers. Later, another model with an improved
expression for the stress concentrations factor was
developed [58]. On the other hand, in [22], a 2D numerical
fiber-bundle model considering a random fiber packing
was proposed, where random properties were assigned
to the fibers according to a Weibull distribution. In [16],
a model using the chain of bundles approach with a
modified Weibull distribution was developed; in this
model, the local load sharing assumption was employed
to characterize the influence of the cluster size on the
mechanical response of carbon/glass hybrid composites,
concluding that the critical size changes with the hybrid
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volume fraction. Several simplified GLS-based models
have been developed and used to carry out parametric
studies. For instance, in [59], a GLS theory to tackle the
design of fiber-reinforced hybrid composites with superior
mechanical properties was developed, concluding that for
hybrid composites with a low volume fraction of LE fibers,
it is possible to increase the composite’s stiffness and
pull-out stress without compromising the ultimate tensile
strength. On the other hand, Tavares et al. [60] proposed
three models to predict the mechanical response of
hybrid composites. The first one was developed for dry
bundles based on statistic variables of fiber strength. The
second one was thought for impregnated bundles based
on the multiple fragmentation phenomenon. Lastly, a
micromechanical model was proposed considering the
random distribution of fibers and taking into account the
stochastic nature of fiber strength.

The LE and HE fibers in a hybrid composite can be
randomly distributed and intermingled in a bundle
(Figure 3). The mechanical responses of each kind of
fiber are different since the following micro-mechanical
parameters are different as well: Weibull modulus (βLE ,
βHE ), characteristic stress (σ0LE , σ0HE ), characteristic
length (L0LE , L0HE ), diameter of the fiber (dLE , dHE ),
Youngmodulus (EfLE ,EfHE ), and corrected fiber-matrix
interfacial strength (τ∗LE , τ∗HE ). The hybrid composite
has a global fiber volume content, Vf , and the content
of reinforcements within the global fiber volume is
characterized by the fiber mixing ratios of LE and HE
fibers, which are defined by (11) and (12):

For LE fibers: L1 = α = VfLE
/ (VfLE

+ VfHE
) (11)

For HE fibers: L2 = 1−α = VfHE
/ (VfLE

+ VfHE
) (12)

where VfLE
and VfHE

are the volume of the low
elongation and high elongation fibers. The hybrid
reinforcement considered here is a combination of LE and
HE intermingled reinforcements oriented along the load
axis (Figure 3). Consequently, once the proportion of each
fiber is established, the modulus of elasticity of the hybrid
reinforcement can be computed using the rule of mixtures,
as given by (13):

EfHY B
=

2∑
i=1

Ei · Li (13)

Where E1 = EfLE
and E2 = EfHE

are the moduli of
elasticity of the LE and HE reinforcements, respectively,
whereas L1 and L2 are the corresponding fiber volume
ratios, see (11) and (12).

 

 

Figure 3 Schematic model of unidirectional intermingled hybrid
composite reinforced with two types of fibers

3.2 Model CNB+τ ∗ for hybrid composites

The theoretical models for hybrid composites based on
the Neumeister equation generate continuous curves
that intend to reproduce the behavior of the schematic
stress-strain diagrams of Figures 4a and 4b. According
to [45], under the premise of uniform strain, the tensile
stress of the hybrid composite can be considered as the
volume-weighted average of tensile stress of the LE and
HE sub-composites. If the CNB+τ∗ Equation 8 is used to
estimate the tensile stress of the hybrid composite using
the typical bilinear rule of mixture (ROM), the Equation 14
is obtained:

σhyb
∞Neum,CNB+τ∗,ROM

=

σLE
∞Neum,CNB+τ∗ · α+

σHE
∞Neum,CNB+τ∗ (1− α) (14)

where σLE
∞Neum,,CNB+τ∗ and σHE

∞Neum,CNB+τ∗ are the
tensile stresses of the LE and HE sub-composites as
computed by (8), leading to Equation 15:

σhyb
∞Neum,CNB+τ∗ (ROM) =

ε · ηLE [GLE(ε) +HLE(ε)] · α+
ε · ηHE [GHE(ε) +HLE(ε)] (1− α) (15)

Let us remember that in numeric notation, ‘1’ stands for
LE and ‘2’ for HE. Accordingly, bearing in mind that ηi =
VfEi, Equation 15 can be expressed as (16):

σ∞
hyb
Neum,CNB+τ∗(ROM) =

Vfε

{
2∑

i=1

EiLi(α) [Gi(ε) +Hi(ε)]

}
(16)

If (16) is used to predict the mechanical response of
a hybrid composite composed of carbon fibers T700SC and
E fiberglass, with α = 0.5 and Vf = 0.4 (See properties
in Table 1), the stress-strain curve represented by the
continuous line in Figure 4c is obtained. As observed,
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Table 1 Data for several GFRP and CFRP composites systems

No. 1 2 3 4 5

Fiber
Carbon

E Glass
T700SC AS400 M40 AS-4

Matrix Epoxy
Vf 0.300 - 0.400 0.590 0.600 0.677 0.567

Ef (GPa) 230 294 392 234 76
d (µm) 6.9 7.1 6.0 7.1 13.0

σ0 (MPa) 2700 4275 4500 4275 1150
L0 (mm) 100.0 12.5 25.0 12.7 24.0

β 9.03 10.30 16.0 10.7 6.34
τ (MPa) 23 40 50 40 42

Ref. [20], [61], [62] [63] [64] [65] [55]
σ′
C (MPa) 12306.0 9871.9 9955.0 8524.4 3956.3

σU (MPa) 1055.0 1890.0 2310.0 1890.0 940.0
ΛC (1/mm) 131.9E-4 41.2E-4 43.5E-4 8.2E-4 10283.5E-4

two peak points are achieved (see red circle markers),
corresponding to the initial failure of the LE and HE
sub-composites, respectively. This behavior resembles
that of typical layer-by-layer UD hybrid composites (See
Figure 4a); however, it is worth mentioning that other
layer-by-layer hybrid designs can lead to a plateau-like
behavior.

To obtain a model for intermingled UD hybrid composites,
it is important to take into account that a well-defined
interface between sub-domains of different fibers is not
present in this kind of composites when dispersion degree
is high (See Figure 4b), and the hybrid can be analyzed
as a single domain where the Young modulus, EfHY B

, is
given by the rule of mixtures (13). Therefore, Equation 16
can be modified for intermingled UD hybrid composites by
considering the volume-weighted average Youngmodulus,
EfHY B

, instead of the moduli of each sub-composite by
apart, E1 and E2, as given in (17):

σ∞
hyb
Neum,CNB+τ∗(im) =

Vf · ε · EfHY B
(α)·{

2∑
i=1

Li(α) [Gi(ε) +Hi(ε)]

}
(17)

The stress-strain behavior for the UD hybrid composite
T700SC/Fiberglass/Epoxy, with α = 0.5 and Vf = 0.4,
as computed by Equation 17, is represented in Figure
4c by the dashed line. As observed, Equation 17 is
able to predict a zone that resembles the plateau-like
zone of a pseudo-ductile response of intermingled hybrid
composites (see Figure 4b and Figure 1).

 

 

(a)

 

 

(b)

 

 

(c)

Figure 4 a) Schematic stress-strain response of typical
layer-by-layer hybrids, b) Schematic stress-strain response of

intermingled hybrids, c) Comparison of the mmechanical
response of typical layer-by-layer and intermingled hybrid UD

T700SC/Fiberglass/Epoxy
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3.3 Analytical calculation of
pseudo-ductility

Equation 17 can be rewritten as (18):

σhyb
∞Neum,CNB+τ∗(im) = ε·η(α)·

2∑
i=1

[G∗
i (ε, α) +H∗

i (ε, α)]

(18)
Where η (α), G∗

i (ε, α) and H∗
i (ε, α) are computed using

(19), (20) and (21), respectively:

η(α) = Vf · EfHY B
(α) (19)

G∗
i (ε, α) = Li(α) ·Gi(ε) = Li(α) ·

1

Υi · εκi+1
(20)

H∗
i (ε, α) =

Li(α).Hi(ε, α) =

Li(α)
1

2 · ln (Υi · εκi+1)

(
Υi · εKi

Yi′εki+1

)2

(21)

Taking the partial derivative of (18) with respect to ε,
Equation 22 is obtained:

∂σhyb
∞Neum,CNB+τ∗(im)

∂ε
= η(α)

2∑
i=1{

[G∗
i (ε, α) +H∗

i (ε, α)] + ε

[
∂G∗

i (ε, α)

∂ε
+

∂H∗
i (ε, α)

∂ε

]}
(22)

Where derivatives are computed as shown in (23) and (24):

∂G∗
i (ε, α)

∂ε
= − Υi · κi · εκi−1

(Υi · εKi+ 1)
2 · Li(α) (23)

∂H∗
i (ε, α)

∂ε
=

− Υ3
i · κi · ε3κi−1

2 (Υi · εi + 1)
3 · (ln (Υi · εκi + 1))

2−

Υ3
i · κi · ε3κi−1

(Υi · εi + 1)
3 · ln (Υi · εκi + 1)

+

Υ2
i · κi · ε2κi−1

(Υi · εi + 1)
2 · ln (Υi · εκi + 1)

Li (α) (24)

The initial slope,mini, is obtained by evaluating (22) in ε =
0, whereas the ultimate strain of the composite, εultimate,
is the value of ε that set (22) to zero. Therefore, εultimate

corresponds to the root of a function F (ε, α) defined as

(25):

F (ε, α) =

2∑
i=1

[G∗
i (ε, α) +H∗

i (ε, α)]+

2∑
i=1

ε

[
∂G∗

i (ε, α)

∂ε
+

∂H∗
i (ε, α)

∂ε

]
(25)

The root of Equation 25 can be obtained by using the
Least Square Method, which can be computationally
implemented by means of the function lsqnonlin of
MATLAB™. This method consists of finding the value
of ε where the derivative of the sum of squares of the
residuals, S, corresponding to the function F (ε, α), is
equal to zero. Since local maximums and minimums are
expected for S, subintervals defined by εmin and εmax

shall be considered, and for each subinterval, it is found the
value of the strain, ε, that better approximates F (ε, α) to
zero. From all computed values of ε, the one leading to the
largest value of σ∞

hyb
Neum,CNB+τ∗(im) according to (18) is

the ultimate strain, εultimate. As reasonable, the ultimate
tensile strength is obtained by doing ε = εultimate in
(18). Once εultimate and σhyb

ultimate,CNB+τ∗(im) have been
computed, the pseudo-ductile strain can be calculated as
given in (26):

εpseudo = εultimate −
σhyb
ultimate,CNB+τ∗(im)

mini
(26)

This numerical procedure is represented in the inner loop
(cicle ‘i’) of Figure 5a.

3.4 Obtaining the optimum fiber mixing
ratio, αopt

This section aims to develop a numerical procedure to find
the value of fiber mixing ratio, α, as defined by (11), that
leads to the highest pseudo-ductility, εpseudo, in the hybrid
composite. Results show that an acceptable range for this
ratio is approximately 0.3 ≤ α ≤ 0.7, with the lower limit
corresponding to the value of α below which the ultimate
tensile strength of the hybrid composite is unacceptably
lower than the one of the original LE composite, and the
upper limit,α = 0.7, to the value abovewhich an important
hybrid effect is not appreciated. These limits were obtained
by using the in-house numerical code represented in
Figures 5a and 5b, which is the same code used to find the
optimal mixing ratio, αopt. In order to compute αopt, the
critical stress (σci) and overall fragmentation limit stress(
σ′
Ci

)
shall be computed using (4) and (3), respectively, for

the LE andHE sub-composites. Using the computed values
of σ′

Ci and the global fiber content for sub-composites LE
and HE, as defined by VfSCLE

= Vf · α and V fSCHE
=

Vf ·(1− α), respectively, the critical number of breaks per
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Figure 5 a) Numerical scheme for calculation of αopt, b) Calculation of the α-dependent parameters

unit length (ΛCi
), ultimate tensile strength (σCNB+τ∗

i
)

and corrected fiber-matrix interfacial strength (τ∗i ) for
each sub-composite are computed using the CNB+τ∗

model [36]. Thereupon, the final mechanical response of
the hybrid composite can be obtained for any value of α as
it was described in Section 3.3. The optimal fiber mixing
ratio, αopt, can be estimated using the numerical scheme
represented in Figures 5a and 5b. As it can be observed
in Figure 5a, the initial values for α are established in
α0 = 0.3 y αf = 0.7 by the previously mentioned
reasons, and then, these values are recursively modified to
reduce the interval size of α in order to seek the maximum
pseudo-ductility. The increment of α within each interval
is given by (27):

∆α = (αf − α0) / (Iα − 1) (27)

where αf , α0 and Iα are the final value, initial value, and
number of points considered within each interval; in this
case, it is taken Iα = 8. For each point within the interval,
the pseudo-ductile strain, εpseudo, shall be computed using
(26), and then, it is determined the value of α for which
the pseudo-ductile strain is the largest, namely, αmax =

α
(
î
)
, where î is the position in the interval corresponding

to the maximum value of εpseudo. After that, the inferior
and superior limits of the interval are redefined as αmin =

α
(
î− 1

)
and αmax = α

(
î+ 1

)
; then, others Iα points

are generated within this new interval. The cycle is
repeated until the criteria for the parameters ϵ1 and ϵ2
are fulfilled (See Figure 5a), where parameter ϵ1 stands
for the numerical error in the calculation of the maximum
point of the curve εpseudo vs. α, whereas parameter ϵ2
accounts for the maximum allowable interval size. In this
point, it is worth mentioning that for each value of α within
the defined interval, the root of Equation 25, which is the
ultimate strain, as well as the ultimate tensile strength
and pseudo-ductility, needs to be found as explained in
Section 3.3. As can be observed in Figure 5a, the global
limits taken for the strain in the hybrid composite are ε0 =
0.005 mm/mm and εf = 0.04 mm/mm. When strain
is lower than the inferior limit, i.e., ε < ε0, all materials
considered here (see Table 1) are in the elastic zone and
hence, it is not possible to obtain a combination of these
materials in which the ultimate tensile strength is reached.
On the other hand, when ε > εf , all of thesematerials have
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undergone the three main phenomena of damage process
(intact fibers, fragmentation and sliding/separation) and
thus, it is expected that any combination of thesematerials
experiences these three phenomena as well.

4. Results and discussion

4.1 Comparison of a proposed numerical
model with previous numerical results

The modeling of the mechanical response of hybrid
composites can be tackled using two main approaches:
1) Fragmentation or damage models that account for
the presence of the constituent materials (both fibers
and matrix) and the interfacial properties between them
without directly considering the individual fiber breaking
and pull-out in a fiber arrangement, 2) Micromechanical
models where it is deemed a Representative Elementary
Volume (REV) with fixed or random fibers arrangement,
which is able to represent the material response. In
the former approach, a model to estimate how a fiber
failure affects the stresses of the remaining intact fibers
is defined and, consequently, the loading support capacity
of composite. This approach, which is the one considered
in the present work, is very valuable to understand the
effects of some parameters on the mechanical behavior of
the hybrid composite. However, the failure mechanisms
are not directly captured in this approach, and most of the
damage models tend to overpredict or underpredict the
tensile strength of the composite. In order to evaluate
the suitability to the extent of the CNB+τ∗ model to
hybrid composites, it is considered an intermingled,
unidirectional, carbon/carbon hybrid composite system
previously simulated by Tavares et al. [60] and Guerrero
et al. [27] for random fiber arrangements. In Tavares et
al. [60], Finite Element simulations (FEM) of REV´s with
randomly distributed fibers were considered, and free
energy-based damage criteria were taken into account
for fibers, matrix, and fiber/matrix interface; that model
demands high computational resources. On the other
hand, Guerrero et al. [27] presented a less expensive
three-dimensional Progressive Failure Model (PFM) based
on the chain of bundles approach that is able to represent
the stiffness loss in unidirectional composite materials
loaded in the fiber direction, where a complete stress
distribution around fiber breaks is obtained considering
local stress concentration. In that model, a REV with
randomly distributed fibers was considered as well. In the
present CBN+τ∗ model, a random fiber arrangement is
not directly considered, but it is deemed a highly dispersed,
intermingled UD hybrid composite where perfect fiber
isolation is fulfilled.

The carbon/carbon hybrid composite considered in
this section is composed of M50S and AS4 carbon fibers

in an epoxy matrix. Micromechanical properties of
each sub-composite are [27, 60]: for M50S, Vf = 0.50,
Ef = 480MPa, σo = 4600MPa, Lo = 10mm, β = 9
and τ = 50MPa; for AS4, Vf = 0.677, Ef = 234MPa,
σo = 4275MPa, Lo = 12.7mm, β = 10.7 and
τ = 50MPa. The comparison between the tensile
response obtained by the present numerical model and
the ones predicted by FEM [60] and PFM [27] is shown
in Figure 6a-6h for several fiber mixing ratios, α. As
reasonable, since the present model is not conceived to
analyze the individual fiber breaking and pull-out inside a
REV, identical results are not expected. However, some
aspects about the tensile behavior of the composite
are in agreement with the other two works [27, 60].
Firstly, the ultimate tensile strength, σu, predicted by
the present model is closer to the corresponding values
obtained by FEM [60] and PFM [27] regarding previous
GLS-based and LLS-based fragmentation models where
σu is considerably overpredicted [45] or underpredicted
[56], respectively. In the particular case of the non-hybrid
composites (Figures 6a for M50S and 6h for AS4), ultimate
tensile strength and strain are very close to the values
predicted by the other two approaches.

Moreover, some trends of the stress-strain behavior
of the hybrid composites are in agreement with the
mentioned works. For a fiber mixing ratio of α = 0.1
(Figure 6b), both PFM and CNB+τ∗ approaches show a
continuous increase of the composites’ stress with the
strain until the failure point, although the present CNB+τ∗

model is not able to predict the small yield zone of the
PFM model. For α = [0.2, 0.25, 0.30], see Figures 6c, 6d,
and 6e, CNB+τ∗ predicts a yield point from which the
stress-strain response is non-linear, being in agreement
with the PFM model. The same behavior is obtained for
α = 0.25 in the FEMmodel (Figure 6d). The corresponding
yield strength is underpredicted by the present CNB+τ∗

model for α = 0.25 (Figure 6d) and α = 0.30 (Figure 6e),
as well as the ultimate strain for the three fiber mixing
ratios (Figure 6c to 6e); however, the ultimate tensile
strength is very similar. In those three cases (Figure
6c to 6e), a positive synergy between sub-composites
LE and HE is predicted by all the approaches since the
ultimate tensile strength, σu, is greater than the yield
strength, σy . On the other hand, for α = 0.40 (Figure 6f)
and α = 0.50 (Figure 6g), a negative synergy is obtained,
namely, σu < σy . This effect is more notorious in FEM
(Figure 6g) and PFM (Figure 6f and 6g), but it is also
observed in the present CNB+τ∗. In both cases, Figure 6f
and 6g, the ultimate tensile strain is still underpredicted
by CNB+τ∗. For the mixing ratio of α = 0.50 (Figure
6g), tensile behavior obtained by the three approaches is
significantly different from the yield point onwards: FEM
model shows a more significant decrease of the loading
support capacity than PFM and CNB+τ∗. For the last
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fiber mixing ratio, α = 0.75 (Figure 6h), ultimate tensile
strength of CNB+τ∗ model is in the range of the other
two models (FEM and FPM), but the ultimate strain is
overpredicted.

The CNB+τ∗ model was previously validated in [36]
with experimental results for non-hybrid composites.
In total, 25 experimental works were considered,
obtaining an average relative difference of 5.01%.
For intermingled hybrid composites, to the best of our
knowledge, few experimental works have been reported
in the scientific literature. One representative research
was developed in [20], where continuous intermingled
CF/GF hybrid composites were manufactured via fiber
tow spreading technology. T700 SC carbon fiber and E
fiberglass in an epoxy matrix were used, with Vf ranging
between 30% and 40%, and α = 0.60, achieving a
hybridization degree of 32.45%. Five tensile tests were
carried out, obtaining an ultimate tensile strength of
σU,exp = 719 ± 103MPa. If these experiments are
reproduced using the present CNB+τ∗ model with the
constituent properties of Table 1 and the average fiber
volume content, Vf = 35%, the numerical ultimate tensile
strength is σU,CNB+τ∗ = 877MPa, namely, 21.97%
greater than the average experimental result. Despite that
the difference between the numerical and experimental
results is smaller than for classical GLS-based model,
this cannot be considered totally conclusive because the
hybridization degree of experiments (32.45%) is far from
that of the present CNB+τ∗model (100%due to the perfect
fiber isolation assumption), and the FEM and PFM models
(almost 100% since fibers are randomly generated).
Additionally, the repeatability of experiments is susceptible
to be improved to generate accurate benchmark solutions
for validation purposes. One of the main advantages
of the present CNB+τ∗ damage model is the ability to
reproduce results that are closer to the ones obtained
by more computationally-expensive micromechanical
models (FEM and PFM) regarding previous GLS-based
models. Further works shall be addressed to validate the
numerical results of these three approaches (FEM, PFM,
and CNB+τ∗) with reliable experiments of continuous,
intermingled hybrid composites.

4.2 Analysis of hybrid composite
T700SC/Fiberglass/EP with Vf = 0.4

The properties of the constituent materials used
in this case to conform the hybrid composite
T700SC/Fiberglass/Epoxy are shown in Table 1. Materials
1 (LE) and 5 (HE) are combined with α ranging between
0.9 and 0.1 and a global fiber content of Vf = 0.4.
The LE reinforcement is carbon fiber T700SC and HE
reinforcement is fiberglass. The ratio of the elastic moduli
of these reinforcements is given by ξf = EfLE

/ EfHE
,

with EfLE
and EfHE

as the elastic modulus of LE and HE
fibers, respectively. Additionally, it is introduced a new
variable,∆, which is defined by (28):

∆ = (εULE
/ εUHE

, σULE
/ σUHE

) (28)

where εULE
and εUHE

are the ultimate strain of the LE and
HE composites, respectively, whereas σULE

and σUHE
are

the corresponding values of the ultimate tensile strength.
For the T700SC/Fiberglass/EP composite analyzed here,
ξf = 3.42 and∆ = (0.52, 1.65).

The stress-strain curves obtained by CNB+τ∗, in this
case, are shown in Figure 7. The mechanical response for
the LE non-hybrid composite, i.e., T700SC/EP, predicted
by CNB+τ∗, is represented by the continuous blue
line with square marks. When this composite is mixed
with fiberglass (Material 5 of Table 1) in a proportion of
α = 0.9, the ultimate tensile strength remains practically
unaltered, and the ultimate strain barely increases (see the
black dotted line with squared marks). The stress-strain
behavior in these first two cases can be considered brittle,
as well as the behavior of the subsequent case (purple
dot-dashed curve), which corresponds to α = 0.8. On the
other hand, when α = 0.7 (blue line with diamond marks),
the hybrid effect arises, and this effect is kept for α = 0.6
(purple dashed line with diamond marks) and α = 0.5
(orange dashed line), being this last configuration the one
producing the largest ultimate strain, εultimate. When
α = 0.4 (continuous red line), the stress-strain behavior
turns brittle again, and the ultimate strain and tensile
strength considerably decrease. Using the numerical
procedure developed in Section 3.4, it was obtained an
optimummixing ratio of αopt = 0.4364 (continuous purple
line with circle marks), corresponding to a pseudo-ductile
strain of εpseudo,max = 1.26× 10−2 mm/mm.

According to the bilinear rule of mixtures (ROM) [66],
the hybrid effect should be present for any fiber mixing
ratio, α, and the relationship between the yield strength,
σy , and the ultimate tensile strength, σu, depends on
this ratio, α. In general, according to this law, a positive
synergy between sub-composites (σu > σy) is expected
for low volume fractions of LE, whereas negative synergy
(σu < σy) is estimated for high volume fractions of LE.
Contrarily, for the composite analyzed here by CNB+τ∗

(Figure 7), the hybrid effect is not noticeable for all values
of α, and when this effect is present, a positive synergy
is always obtained (even for αopt where σu is slightly
greater than σy). According to [66], the differences in
the behavior of hybrid composites obtained by some
fragmentation models and experimental tests regarding
the one predicted by ROM can be mainly attributed to
three phenomena that favor the positive synergy. These
phenomena are: 1) arising of thermal residual stresses
due to the difference of coefficients of longitudinal thermal
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Figure 6 Comparison between stress-strain curves obtained by CNB+τ∗, FEM [60] and PFM [27] for several mixing ratios. a) α = 0,
b) α = 0.10, c) α = 0.20, d) α = 0.25, e) α = 0.30, f) α = 0.40, g) α = 0.50, h) α = 0.75, i) α = 1

expansion, 2) delay in fracture propagation due to the
presence of HE fibers that hamper the development of
clusters, 3) reduction of stress wave propagation speed

through the composite when fibers break up and release
strain energy. For carbon/glass hybrid composites, as the
one considered in Figure 7, the first effect is negligible, but
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Figure 7 Curves σ vs. ε of hybrid composite
T700SC/Fiberglass/EP found by CNB+τ∗ for several values of α

the other ones can be significant [66, 67], which can explain
the differences obtained. It is important to remember
that one of the main dissimilarities between the present
model and a typical ROM-based one is the consideration
of the volume-weighted average Young modulus of fibers,
EfHY B

, instead of the moduli of the sub-composites
aside, EfLE and EfHE , in order to account for the fiber
intermingling.

The energetic contributions in the zones of intact fibers (IF)
and fragmentation (FM) for the LE composite T700SC/EP
are represented in Figure 8a. The total energy released
per unit volume during the damage process is estimated
as UT = 7.70 MJ/m3 (total area under the curve). This
can be divided into the energy of the IF zone (yellow area),
which is ULEIF

= 1.68 MJ/m3, and the energy of the
FM zone (purple area), which is ULEFM

= 6.02MJ/m3,
in such a way that the energetic contribution of IF zone
is 21.8% of the total energy, whereas the one of the FM
zone is the remaining 78.2%. In Figure 8b, the energetic
contributions of LE and HE sub-composites forα = 0.9 are
represented. In that figure, the lower curve corresponds
to the stress-strain curve of the LE sub-composite
(T700SC/EP), whereas the upper one, to the curve of
the hybrid composite (T700SC/Fiberglass/EP). As can be
observed, the energetic contribution of fiberglass is not
large enough to change the brittle behavior of the original
non-hybrid carbon composite, and the resulting hybrid
is still brittle. In that case, the total energy released per
unit volume is UT = 9.21MJ/m3, which can be divided
into the following contributions: 20.6% and 72.69% from
the IF (yellow zone) and FM (blue zone) phenomena of LE
sub-composite, respectively, and 0.4%, 3.15% and 3.16%
from the IF (purple zone), FM (green zone) and SS (red
zone) phenomena of HE sub-composite, respectively. If
the mixing ratio is reduced to α = 0.4, the stress-strain
response of the hybrid composite is still brittle (Figure
8c). The total energy released per unit volume decreases
regarding the case with α = 0.9, having a value of

UT = 5.80 MJ/m3, but the energetic contribution of
the HE fibers considerably increases. The energetic
distribution is as follows: 22.9% and 18.86% from the IF
and FM phenomena of LE sub-composite, respectively,
and 5.39%, 41.96% and 10.89% from the IF, FM and SS
phenomena of HE sub-composite, respectively.

Now, let us consider the optimum mixing ratio,
αopt = 0.4364, where the maximum pseudo-ductile
strain is reached. The stress-strain curve, in that case,
is presented in Figure 8d. The total energy released
per unit volume is larger than the one of the previous
cases, UT = 12.42MJ/m3, with LE sub-composite
supplying 59.55% of this energy and the sub-composite
HE, the remaining 40.45%. The LE sub-composite stills
preserves a brittle behavior (lower curve in Figure 8d),
and its energetic contribution is 13.91% and 45.64% by IF
and FM phenomena, respectively. On the other hand, the
HE sub-composite provides a pseudo-ductile response
to the hybrid composite (upper curve in Figure 8d), and
its energetic contribution can be classified as: 2.22%
by IF, 17.30% by FM and 20.93% by SS. Accordingly, for
the HE sub-composite, the energetic contribution of
the separation/sliding phenomenon is larger than the
contribution of the other two phenomena. The non-linear
stress-strain response of the hybrid composite in the SS
zone is caused by the fiberglass ‘platelets’, which arise
once the HE sub-composite has developed a determined
fragmentation level. In that zone, when fibers of the HE
sub-composite cannot be divided into smaller sections,
fiber fragments serve as connectors that restrict the
formation of clusters in the LE sub-composite, mitigating
the catastrophic separation and providing a greater
elongation while preserving the integrity of the hybrid,
leading to the plateau-like stress-strain response. Fiber
fragments have been coined as ‘platelets’ because they
play an analog function to platelets in blood coagulation
[5].

In this point, it is important to mention that for
layer-by-layer hybrid composites, it is well proven
that LE fibers start breaking first and then, when a critical
break density is reached, the fragmentation of the HE
fibers takes place while the LE fibers serve as ‘platelets’
[5]. However, for intermingled hybrid composite, this
statement is not totally true since there is no reliable
experimental evidence, and other behaviors have been
reported in numerical simulations. For instance, for
T300/AS4/EP hybrid composites, Tavares et al. [60] found
that, for some fiber volume fractions (Vf = 0.5 and
Vf = 0.75), the simultaneous breaking of LE and HE
fibers can occur. This was attributed to the fiber’s strength
dispersion and failure strain distribution of the composite
constituents. According to that work [60], the lower the
Weibull modulus of the LE fiber, the higher the strength
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Figure 8 Decomposition of the curve σ vs. ε according to energetic contributions, considering Vf=0.4, a) T700SC/EP, b)
T700SC/Fiberglass/EP with α=0.9, c) T700SC/Fiberglass/EP with α=0.4, d) T700SC/Fiberglass/EP with αopt=0.4364, e) Colour

nomenclature of energetic contributions

 

 

Figure 9 Classification of energetic contributions for the hybrid composite T700SC/Fiberglass/EP by type of fiber (LE and HE),
phenomena (FI, FM and DS) and fiber mixing ratio (α), considering Vf=0.4
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dispersion and failure strain variability, increasing the
probability to obtain a simultaneous fragmentation of LE
and HE fibers. This behavior is reported in the present
work as well for the T700SC/fiberglass/EP and some
other composite systems analyzed later; for instance,
in Figure 8b-8d, a superposition of the fragmentation
zones of LE and HE sub-composites can be noticed,
indicating a simultaneous breaking of both kinds of fibers.
Following the same concept as in Tavares et al. [60], this
could happen because, in the present damage model, the
transition between the intact fibers and fragmentation
zone is determined by the function G (ε), which is
dependent on the Weibull modulus, β. In general, the
lower the Weibull modulus, β, the lower the strain, ε,
corresponding to this transition. Therefore, as the Weibull
modulus of the E fiberglass is smaller than such of carbon
fiber T700SC (See Table 1), it is obtained the behavior
shown in Figures 8b-8d, namely, breaking of fiberglass
occurs first due to the larger variability of the failure strain
of fibers (lower Weibull modulus), but break density is only
significant near the transition between the fragmentation
and sliding/separation zone, where a notorious change in
the slope of the σ vs. ε curve is observed. It is important
to highlight that the common interaction between LE and
HE fibers reported for layer-by-layer hybrids, namely,
sub-composite LE fails first than sub-composite HE, is
predicted as well by the present CNB+τ∗ model for some
carbon/carbon composite systems where the Weibull
modulus of the constituent fibers are similar, as it is
analyzed later.

The energetic contributions of both kinds of fibers,
LE and HE, considering each phenomenon (IF, FM and SS)
and the whole values of α, are summarized in Figure 9.
This is a two y-axis graph, with the left y axis representing
the total energy released per unit volume, UT , and the
right one, the pseudo-ductile strain, εpseudo. As can be
observed, the lower the α, the higher the total energy, UT ,
until α = 0.50, where maximum energy is obtained. From
that point until α = 0.40, UT decreases with α. However,
as can be noticed, the fiber mixing ratio corresponding
to the maximum energy released, α = 0.50, does
not necessarily match the optimum fiber mixing ratio,
αopt = 0.4364, where maximum pseudo-ductile strain is
obtained (εpseudo,max = 12.6×10−3mm/mm). When the
pseudo-ductile strain is maximum, the highest percentage
contribution of the sliding/separation (SS) phenomenon
to the total energy is obtained, which is attributable to a
largest number of fiber fragments acting as ‘platelets’.

The effect of hybridization on the LE composite can
be quantified by (29) [68]:

R = (εuHY B
/ εuLE

, σuHY B
/ σuLE

) (29)

where εuHY B
and εuLE

are the ultimate strain of the
hybrid and LE composite, respectively, whereas σuHY B

and σuLE
are the corresponding values of the ultimate

tensile strength. Accordingly, for the optimum fiber mixing
ratio, αopt = 0.4364, it is obtained R = (1.88, 0.63),
that is, when the fiberglass reinforcement is added to the
original carbon fiber composite T700SC/EP, the ultimate
strain increases by 88% and the ultimate tensile strength
decreases by 37%.

4.3 Hybrid composite M40/T700SC/EP with
Vf = 0.4

In this section, the combination of Materials 3 and 1 of
Table 1 is considered to conform the hybrid composite
M40/T700SC/EP, that is, a hybrid composite comprising
two kinds of carbon fibers (M40 and T700SC). According
to data of Table 1, the ratio of elasticity moduli for these
reinforcements is ξf = EfLE

/ EfHE
= 1.35. In

this case, LE sub-composite is taken as M40/EP and
HE sub-composite as T700SC/EP; however, as shown
in Figure 10a, the ultimate strains of both composites
in their non-hybrid configuration are very similar. The
stress-strain response of the hybrid composite for several
values ofα ranging between 0.9 and 0.4 can be appreciated
in Figure 10a, where the dashed colored lines correspond
to curves exhibiting a brittle behavior, whereas the
continuous purple line with circle markers, to the curve
where mixing ratio is optimum (αopt = 0.632). As
can be appreciated, the stress-strain response is virtually
brittle for most of the values of α, with the exception
of αopt = 0.632. This happens because the energetic
contribution of SS phenomenon for αopt = 0.632 is
significant regarding the other cases. To notice this better,
let us consider the classification of energetic contributions
for the hybrid composite M40/T700SC/EP in Figure 10b.
For 0.90 ≤ α ≤ 0.70, the energetic contribution by IF, FM
and SS phenomena of HE reinforcement is negligible, and
the brittle behavior of the hybrid composite is practically
dominated by the LE sub-composite. On the other hand,
for αopt = 0.632, the energetic contribution by SS is the
maximum and it is obtained a pseudo-ductile behavior. For
α = 0.6 and α = 0.5, there is a lower contribution by SS
regarding αopt = 0.632, and stress-strain behavior can be
considered brittle. As in the previous case of Section 4.2,
in the present case, it is not obtained a perceptible hybrid
effect for all values of α, a positive synergy is obtained
when hybrid effect arises, and σu is very close to σy when
α = αopt. This last observation can be extended for all
composite systems considered in the present work.

4.4 Other hybrid configurations

Four additional combinations of materials of Table 1
were evaluated in order to understand the contribution
of different reinforcements to the overall response
of the hybrid. In combination 3, it is considered the
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Figure 10 a) Curves σ vs. ε of M40/T700SC/EP for several
values of α and Vf=0.4, b) Classification of energetic

contributions for M40/T700SC/EP by type of fiber, phenomena,
and fiber mixing ratio (α)

composite M40/Fiberglass/EP, which results of mixing
carbon fiber M40 and typical fiberglass. In combination
4 (AS400/AS-4/EP), two carbon fibers having a similar
ultimate tensile strength and Weibull modulus, but
dissimilar ultimate strain, are mixed. Combination 5
(T700SC/Fiberglass/EP) has the same constituents as in
previous combination 1 (See Section 4.2), but the fiber
volume content is increased to Vf = 0.51. Finally,
combination 6 corresponds to AS400/Fiberglass/EP hybrid
composite.

The results of the six combinations evaluated here
are summarized in Figure 11. In each plot, the mechanical
response of the non-hybrid LE composite (continuous blue
line) and HE composite (black dashed line), as well as the
resulting σ vs. ε curve of the LE/HE hybrid composite

with mixing ratio α = αopt (black dash-dot-dot line),
are represented. Besides, the following data and results
are reported in each case: fiber volume content (Vf ),
optimal mixing ratio (αopt), hybridization effect (R), ratio
of the elastic moduli (ξf ), and parameter ∆ defined in
(28). Additionally, the energetic contributions classified
according to the phenomena IF, FM and SS are quantified
and identified by colors. The total energy released per unit
volume (UT ) and pseudo-ductile strain (εpseudo) are also
included, as well as the ultimate tensile strength (σu) and
strain (εu). Finally, the yield strength (σy) and strain (εy)
are shown too.

The phenomenon that offers the greatest energy
dissipation for all combinations is the fragmentation
of the LE reinforcement, with the exception of the
carbon/carbon hybrid AS400/AS-4/EP (combination 4),
where fiber breaking occurs first in the LE sub-composite
and the sliding-separation, SS, is developed in this
sub-composite as well, as it is commonly obtained in
layer-by-layer hybrids. The energetic contributions by LE
fragmentation in the other five cases range between 40.7%
and 47.3%. On the other hand, for those five cases, carbon
fibers in the linear elastic range supply between 13.7% and
28.9% of the energy released. From the decomposition of
σ vs. ε curve into IF, FM, and SS zones, it can be observed
that, for the different carbon/glass mixtures (combinations
1, 3, 5, and 6), the peak point of the LE sub-composite
curve (lower curve delimiting yellow and blue zones) is in
agreement with the failure point of the hybrid composite
(upper curve). Therefore, it can be inferred that the
final composite failure occurs when crack saturation is
reached in LE sub-composite. A similar conclusion can
be addressed for combination 2, where two carbon fibers
with dissimilar ultimate tensile strengths are mixed.

On the other hand, the composite AS400/AS4/EP (Figure
11d) has distinctive characteristics to the other ones,
namely, both tensile strength and Weibull modulus, β, of
both reinforcements are very similar. Since β is practically
the same (β = 10.3 for AS400 and β = 10.7 for AS4), it
is expected a similar fiber strength dispersion and failure
strain distribution for both reinforcements, and thereby,
an interaction between LE and HE fibers governed by the
difference of the failure strain of these reinforcements,
as commonly obtained in layer-by-layer composites.
Accordingly, as the failure strain of the composite
AS400/EP (LE) is smaller than that of composite AS4/EP
(HE), it is expected that fragmentation takes place first
in LE sub-composite and then, near the crack saturation
of this sub-composite, fibers begin to break in the HE
sub-composite, and sliding-separation (SS) phenomena is
developed in the LE, delaying the formation of the cluster
of broken fibers in the HE. This behavior has also been
previously reported in [27] for the intermingled hybrid
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Figure 11 Comparison of mechanical performance and energy dissipation (IF, FM and SS) in hybrid composites reinforced with
T700SC, M40, AS400, AS-4 and Fiberglass. a) T700SC/Fiberglass/EP (Vf = 0.4), b) M40/T700SC/EP (Vf = 0.4), c) M40/Fiberglass/EP

(Vf = 0.4), d) AS400/AS-4/EP (Vf = 0.4), e) T700SC/Fiberglass/ EP (Vf = 0.51), f) AS400/Fiberglass/EP (Vf = 0.60)

M50S/AS4/EP analyzed in Section 4.1, and it is predicted
as well by the present CNB+τ∗model for such composite
system. To illustrate this, let us consider the energetic
decompositions of CNB+τ∗ curves of Figure 6e (positive
synergy) and 6g (negative synergy), which are represented
in Figures 12a and 12b, respectively. For the positive
synergy case (Figure 12a), the failure sequence is: LE
fibers start breaking first, then LE crack saturation occurs,
and thereupon, HE fragmentation starts, to then continues
developing while the broken LE fibers serve as ‘platelets´,
until composite failure takes place. For the negative
synergy case (Figure 12b), the failure sequence is similar,
with the difference that the initial HE fragmentation occurs
before the LE crack saturation. In Figures 12c and 12d,
it is shown the evolution of the break density with the
strain obtained in [27] for the two cases analyzed, where
similar failure stages to the ones obtained with the present

CNB+τ∗ model can be appreciated, although at different
strain levels.

It is important to highlight that the present CNB+τ∗
model predicts that the initial failure strain of LE fibers,
as defined by the strain corresponding to the transition
between the IF and FM zone, increases due to the
hybridization. This is in agreement with preceding works
[1, 2, 66, 67] and can be attributed to the same three
mechanisms mentioned in section 4.2 [66]. In Figure
11a-11f, the initial failure strain of the non-hybrid LE
composite corresponds to the red, circular point in each
continuous blue line, whereas the initial failure strain
of the LE sub-composite in the hybrid is the boundary
between the yellow and blue zones. As can be observed,
for the carbon/carbon hybrid composite AS400/AS-4/EP
(combination 4), the initial strain of LE fibers slightly rises
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Figure 12 a) Energetic decomposition of Stress-Strain curve for composite M50S/AS4/EP with α = 0.3 (Positive synergy), b)
Energetic decomposition of Stress-Strain curve for composite M50S/AS4/EP, with α = 0.5 (Negative synergy), c) Break density vs.

Homogenized strain predicted in [27] for composite M50S/AS4/EP with α = 0.3, d) Break density vs. Homogenized strain predicted in
[27] for composite M50S/AS4/EP with α = 0.5. In these cases, the interaction of LE and HE reinforcements resembles the one

obtained in layer-by-layer hybrids

with hybridization; for the remaining cases, this strain
notoriously increases with hybridization.

It is important to remember that combinations 1 and 5
(Figure 11a and 11e) have the same constituent materials
but differ in the global fiber volume content, Vf . If the
results of these combinations are compared to each other,
several aspects can be noticed about the behavior of some
variables with Vf . Both the ultimate tensile strength,
σu, and yield strength, σy , of the hybrid composite
increase with Vf , which leads to an increment of the
total strain energy per unit volume, UT , considering that
both the yield strain (εy) and ultimate strain (εu) are not
very different between these cases. The pseudo-ductile
strain (εpseudo) and hybrid effect (R) also increaseswithVf .

Themaximumpseudo-ductile strain occurs in combination
6 (Figure 11f), where the highest energetic contributions
by the FM and SS phenomena are achieved. Regarding
the SS phenomenon for the carbon/glass hybrids
(combinations 1,3,5 and 6), it can be noticed that the
energetic contribution ranges between 20.4% and 21.4%,
whereas for the carbon/carbon hybrids, this contribution
is lower, namely, 11.1% for combination 2 and 11.9%
for combination 4. The carbon/glass combinations offer
higher pseudo-ductility; however, these combinations
lead to a considerable loss of the ultimate tensile strength,
σu, with respect to non-hybrid carbon composite. On
the other hand, the carbon/carbon combinations offer
lower values of pseudo-ductility, but the reduction of the
ultimate tensile strength, σu, is lower as well.

5. Conclusions

The stress-strain behavior of intermingled, unidirectional
hybrid composites was studied using a numerical
fragmentation model that is based on a previously
developed one (CNB+τ∗) focusing on predicting the
tensile response of unidirectional, single-fiber composites
[36]. A comparison of the results obtained by the present
CNB+τ∗ model with previous ones obtained by FEM
[60] and PFM [27] allows concluding that the present
model is suitable to describe the stress-strain behavior
of hybrid composites with randomly distributed fibers,
subjected to unidirectional tensile loads. However, further
experimental works are required to validate the present
CNB+τ∗, as well as the FEM and PFM models.

The process of damage of the hybrid composite was
divided into different phenomena: intact fibers (IF),
fragmentation (FM), and sliding/separation (SS). It was
estimated the energetic contribution of all phenomena
(IF, FM and SS) in the curve σ vs. ε of hybrid composites,
for a range of fiber volume content of 0.12 ≤ Vf ≤ 0.70.
Results showed that the FM phenomenon provides the
largest energetic contribution during the damage process.
Both the LE and HE sub-composite can experience a
linear elastic response (IF) and a sequential fragmentation
of the fibers (FM); in one of them, the fragmentation
process ceases when the crack saturation is reached,
fibers cannot be fragmented in smaller sections and
the sliding/separation phenomenon arises. When crack
saturation is reached in the other sub-composite, a failure
of the hybrid composite occurs.

The characteristics of the phenomena IF, FM, and SS
in each sub-composite are conditioned by the fiber mixing
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ratio, α. There exists an optimal value for this parameter,
αopt, where the maximum pseudo-ductile strain is
obtained. This value was estimated here numerically
in terms of a particular fiber volume content and
micromechanical parameters of each sub-composite. The
pseudo-ductile response of the hybrid material is provided
by one of the sub-composites through the energetic
contributions of the SS phenomena. This response is
physically attributable to the ‘platelets’, which are formed
when the fibers of that sub-composite are fragmented
into smaller pieces that then interact as connectors with
the fibers of the other sub-composite, preventing the
formation of clusters of damaged fibers and holding the
hybrid structure together. During the SS stage, ‘platelets´
are responsible for increasing the ultimate strain, bringing
about a pseudo-ductile behavior.

Six combinations of reinforcements of different nature
were considered to analyze the mechanical response of
the hybrid composite in terms of Vf and α. According
to numerical results, carbon/glass combinations offer
higher pseudo-ductility than the carbon/carbon ones, but
a larger reduction of the tensile strength with respect to
the more resistant constituent material. Finally, it can
be asserted that the numerical model presented here
is a useful tool to evaluate and classify the energetic
contributions of each kind of reinforcement during the
damage process of the hybrid composite. Additionally,
the model allows determining the optimal mixing ratio of
the constituent reinforcements in order to improve the
mechanical response of the hybrid composite in terms of
the pseudo-ductile strain.

6. Declaration of competing interest

We declare that we have no significant competing interests
including financial or non-financial, professional, or
personal interests interfering with the full and objective
presentation of the work described in this manuscript.

7. Acknowledgement

This work was supported by Administrative Department
of Science, Technology and Innovation, Colciencias
(Colombia) [grant number 1210-669-46014]. The financial
support of the Institución Universitaria Pascual Bravo
and Universidad Pontificia Bolivariana is gratefully
acknowledged as well.

References

[1] T. Hayashi, K. Koyama, A. Yamazaki, and M. Kihira, “Development of
newmaterial properties by hybrid composition (2nd report),” Fukugo
Zairyo (composite materials), vol. 1, pp. 18–20, 1975.

[2] A. R. Bunsell and B.Harris, “Hybrid carbon and glass fibre
composites,” Composites, vol. 5, no. 4, Jul. 1974. [Online]. Available:
https://doi.org/10.1016/0010-4361(74)90107-4

[3] P. W. Manders and M. G. Bader, “The strength of hybrid glass/carbon
fibre composites,” Journal of Materials Science, vol. 16, Aug. 1981.
[Online]. Available: https://doi.org/10.1007/BF00542387

[4] Y. Swolfs, I. Verpoest, and L. Gorbatikh, “Maximising the hybrid
effect in unidirectional hybrid composites,” Materials & Design,
vol. 93, Mar. 05 2016. [Online]. Available: https://doi.org/10.1016/j.
matdes.2015.12.137

[5] G. Czél, M. Jalalvand, and M. R. Wisnom, “Demonstration of
pseudo-ductility in unidirectional hybrid composites made of
discontinuous carbon/epoxy and continuous glass/epoxy plies,”
Composites Part A: Applied Science and Manufacturing, vol. 72, May.
2015. [Online]. Available: https://doi.org/10.1016/j.compositesa.
2015.01.019

[6] J. Summerscales and D. Short, “Carbon fibre and glass fibre hybrid
reinforced plastics,” Composites, vol. 9, no. 3, Jul. 1978. [Online].
Available: https://doi.org/10.1016/0010-4361(78)90341-5

[7] K. S. Pandya, C. Veerraju, , and N. K. Naik, “Hybrid composites
made of carbon and glass woven fabrics under quasi-static loading,”
Materials & Design, vol. 32, no. 7, Aug. 2011. [Online]. Available:
https://doi.org/10.1016/j.matdes.2011.03.003

[8] G. Czél, J. Etches, I. P. Bond, and M. R. Wisnom, “Development
and characterisation of pseudo-ductile hybrid carbon/glass-epoxy
composites made of thin spread carbon tows,” in 15th European
Conference On Composite Materials, Venice, Italy, 2012, pp. 24–28.

[9] M. Jalalvand, G. Czél, and M. R. Wisnom, “Numerical modelling
of the damage modes in ud thin carbon/glass hybrid laminates,”
Composites Science and Technology, vol. 94, Apr. 09 2014. [Online].
Available: https://doi.org/10.1016/j.compscitech.2014.01.013

[10] G. Czél, M. Jalalvand, and M. R. Wisnom, “Hybrid specimens
eliminating stress concentrations in tensile and compressive
testing of unidirectional composites,” Composites Part A: Applied
Science and Manufacturing, vol. 91, Dec. 2016. [Online]. Available:
https://doi.org/10.1016/j.compositesa.2016.07.021

[11] M. Jalalvand, G. Czél, and M. R. Wisnom, “Parametric study of
failure mechanisms and optimal configurations of pseudo-ductile
thin-ply ud hybrid composites,” Composites Part A: Applied Science
and Manufacturing, vol. 74, Jul. 2015. [Online]. Available: https:
//doi.org/10.1016/j.compositesa.2015.04.001

[12] G. Czél and M. R. Wisnom, “Demonstration of pseudo-ductility in
high performance glass/epoxy composites by hybridisation with
thin-ply carbon prepreg,” Composites Part A: Applied Science and
Manufacturing, vol. 52, Sep. 2013. [Online]. Available: https:
//doi.org/10.1016/j.compositesa.2013.04.006

[13] H. Ikbal, Q. Wang, A. Azzam, and W. Li, “Effect of hybrid ratio
and laminate geometry on compressive properties of carbon/glass
hybrid composites,” Fibers and Polymers, vol. 17, Feb. 02 2016.
[Online]. Available: https://doi.org/10.1007/s12221-016-5706-6

[14] C. Dong and I. J. Davies, “Flexural strength of bidirectional hybrid
epoxy composites reinforced by e glass and t700s carbon fibres,”
Composites Part B: Engineering, vol. 72, Apr. 2015. [Online]. Available:
https://doi.org/10.1016/j.compositesb.2014.11.031

[15] B. Lauke, U. Bunzel, and K. Schneider, “Effect of hybrid
yarn structure on the delamination behaviour of thermoplastic
composites,” Composites Part A: Applied Science and Manufacturing,
vol. 29, no. 11, Nov. 1998. [Online]. Available: https:
//doi.org/10.1016/S1359-835X(98)00059-1

[16] Y. Swolfs, R.M.Mcmeeking, I. Verpoest, and L. Gorbatikh, “The effect
of fibre dispersion on initial failure strain and cluster development
in unidirectional carbon/glass hybrid composites,” Composites Part
A: Applied Science and Manufacturing, vol. 69, Feb. 2015. [Online].
Available: https://doi.org/10.1016/j.compositesa.2014.12.001

[17] A. Martone, M. Giordano, V. Antonucci, and M. Zarrelli,
“Enhancing damping features of advanced polymer composites
by micromechanical hybridization,” Composites Part A: Applied
Science and Manufacturing, vol. 41, no. 11, Nov. 2011. [Online].
Available: https://doi.org/10.1016/j.compositesa.2011.07.019

[18] A. A. J. M. Peijs and J. M. M. de Kok, “Hybrid composites based

113

https://doi.org/10.1016/0010-4361(74)90107-4
https://doi.org/10.1007/BF00542387
https://doi.org/10.1016/j.matdes.2015.12.137
https://doi.org/10.1016/j.matdes.2015.12.137
https://doi.org/10.1016/j.compositesa.2015.01.019
https://doi.org/10.1016/j.compositesa.2015.01.019
https://doi.org/10.1016/0010-4361(78)90341-5
https://doi.org/10.1016/j.matdes.2011.03.003
https://doi.org/10.1016/j.compscitech.2014.01.013
https://doi.org/10.1016/j.compositesa.2016.07.021
https://doi.org/10.1016/j.compositesa.2015.04.001
https://doi.org/10.1016/j.compositesa.2015.04.001
https://doi.org/10.1016/j.compositesa.2013.04.006
https://doi.org/10.1016/j.compositesa.2013.04.006
https://doi.org/10.1007/s12221-016-5706-6
https://doi.org/10.1016/j.compositesb.2014.11.031
https://doi.org/10.1016/S1359-835X(98)00059-1
https://doi.org/10.1016/S1359-835X(98)00059-1
https://doi.org/10.1016/j.compositesa.2014.12.001
https://doi.org/10.1016/j.compositesa.2011.07.019


J.D Vanegas-Jaramillo et al., Revista Facultad de Ingeniería, Universidad de Antioquia, No. 103, pp. 96-115, 2022

on polyethylene and carbon fibres. part 6: Tensile and fatigue
behaviour,” Composites, vol. 24, no. 1, 1993. [Online]. Available:
https://doi.org/10.1016/0010-4361(93)90260-F

[19] Y. J. You, Y. H. Park, H. Y. Kim, and J. S. Park, “Hybrid effect on
tensile properties of frp rods with various material compositions,”
Composite Structures, vol. 80, no. 1, Sep. 2007. [Online]. Available:
https://doi.org/10.1016/j.compstruct.2006.04.065

[20] H. Diao, A. Bismarck, P. Robinson, and M. R. Wisnom, “Production
of continuous intermingled cf/gf hybrid composite via fibre tow
spreading technology,” in 16th European Conference On Composite
Materials, Seville, Spain, 2014, pp. 22–26.

[21] ——, “Pseudo-ductile behavior of unidirectional fibre reinforced
polyamide-12 composite by intra-tow hybridization,” in 15th
European Conference on Composite Materials, Venice, Italy, 2012, pp.
24–28.

[22] L. Mishnaevsky and G. Dai, “Hybrid carbon/glass fiber
composites: Micromechanical analysis of structure–damage
resistance relationships,” Computational Materials Science, vol. 81,
Jan. 2014. [Online]. Available: https://doi.org/10.1016/j.commatsci.
2013.08.024

[23] J. M. Finley and et al., “Exploring the pseudo-ductility
of aligned hybrid discontinuous composites using controlled
fibre-type arrangements,” Composites Part A: Applied Science
and Manufacturing, vol. 107, Apr. 2018. [Online]. Available:
https://doi.org/10.1016/j.compositesa.2017.11.028

[24] G. Kretsis, “A review of the tensile, compressive, flexural and
shear properties of hybrid fibre-reinforced plastics,” Composites,
vol. 18, no. 1, Jan. 1987. [Online]. Available: https://doi.org/10.1016/
0010-4361(87)90003-6

[25] D. Short and J. Summerscales, “Hybrids-a review: Part 1.
techniques, design and construction,” Composites, vol. 10, no. 4, Oct.
1979. [Online]. Available: https://doi.org/10.1016/0010-4361(79)
90022-3

[26] ——, “Hybrids-a review: Part 2. physical properties,” Composites,
vol. 11, no. 1, Jan. 1980. [Online]. Available: https://doi.org/10.1016/
0010-4361(80)90019-1

[27] J. M. Guerrero, J. A. Mayugo, J. Costa, and A. Turon, “A 3d
progressive failure model for predicting pseudo-ductility in hybrid
unidirectional composite materials under fibre tensile loading,”
Composites Part A: Applied Science and Manufacturing, vol. 107, Apr.
2018. [Online]. Available: https://doi.org/10.1016/j.compositesa.
2018.02.005

[28] M. L. Longana, H. N. Yu, M. Jalavand, M. R. Wisnom, and
K. D. Potter, “Aligned discontinuous intermingled reclaimed/virgin
carbon fibre composites for high performance and pseudo-ductile
behaviour in interlaminated carbon-glass hybrids,” Composites
Science and Technology, vol. 143, May. 2017. [Online]. Available:
https://doi.org/10.1016/j.compscitech.2017.02.028

[29] J. Aveston and A. Kelly, “Theory of multiple fracture of fibrous
composites,” Journal of Materials Science, vol. 8, Mar. 1973. [Online].
Available: https://doi.org/10.1007/BF00550155

[30] ——, “Tensile first cracking strain and strength of hybrid composites
and laminates,” Philosophical Transactions of the Royal Society of
London. Series A, Mathematical and Physical Sciences, vol. 294, no.
1411, Jan. 21 1980. [Online]. Available: https://doi.org/10.1098/rsta.
1980.0061

[31] H. Yu, M. L. Longana, M. Jalalvand, M. R. Wisnom, and K. D. Potter,
“Pseudo-ductility in intermingled carbon/glass hybrid composites
with highly aligned discontinuous fibres,” Composites Part A: Applied
Science and Manufacturing, vol. 73, Jun. 2015. [Online]. Available:
https://doi.org/10.1016/j.compositesa.2015.02.014

[32] K. D. Jones and A. T. DiBenedetto, “Fiber fracture in
hybrid composite systems,” Composites Science and Technology,
vol. 51, no. 1, 1994. [Online]. Available: https://doi.org/10.1016/
0266-3538(94)90156-2

[33] M. J. Pitkethly and M. G. Bader, “Failure modes of hybrid composites
consisting of carbon fibre bundles dispersed in a glass fibre epoxy
resin matrix,” Journal of Physics D: Applied Physics, vol. 20, no. 3,
1987. [Online]. Available: https://doi.org/10.1088/0022-3727/20/3/
013

[34] M. Jalalvand, G. Czél, and M. R. Wisnom, “Damage analysis of
pseudo-ductile thin-ply ud hybrid composites – a new analytical
method,” Composites Part A: Applied Science and Manufacturing,
vol. 69, Feb. 2015. [Online]. Available: https://doi.org/10.1016/j.
compositesa.2014.11.006

[35] J. D. Vanegas-Jaramillo, A. Turon, J. Costa, L. J. Cruz, and J. A.
Mayugo, “Analytical model for predicting the tensile strength of
unidirectional composites based on the density of fiber breaks,”
Composites Part B: Engineering, vol. 141, May. 15 2018. [Online].
Available: https://doi.org/10.1016/j.compositesb.2017.12.012

[36] J. D. Vanegas-Jaramillo and I. D. Patiño-Arcila, “Fragmentation
model for the tensile response of unidirectional composites based
on the critical number of fiber breaks and the correction of the
fiber-matrix interfacial strength,” Latin American Journal of Solids
and Structures, vol. 16, no. 7, Aug. 15 2019. [Online]. Available:
https://doi.org/10.1590/1679-78255326

[37] J. Lamon, “Stochastic models of fragmentation of brittle fibers or
matrix in composites,” Composites Science and Technology, vol. 70,
no. 5, May. 2010. [Online]. Available: https://doi.org/10.1016/j.
compscitech.2010.01.005

[38] A. S. Ovchinsky, P. T. Meza, J. M. Sandoval, L. A. Flores, and A. A.
Zapata, “Acumulación de daño y redistribución de los esfuerzos en
materiales reforzados con fibras,” Revista Facultad de Ingeniería,
Universidad de Antioqua, vol. 69, Dec. 2013. [Online]. Available:
https://www.redalyc.org/pdf/430/43029812009.pdf

[39] P. Tamayo, A. S. Ovchinsky, J. M. Sandoval, L. A. Flores, and
R. de G. González, “Estudio de la dinámica de los procesos de
fractura y de delaminación en materiales reforzados con fibras,”
Revista Facultad de Ingeniería, Universidad de Antioqua, vol. 70,
Mar. 2014. [Online]. Available: https://www.redalyc.org/pdf/430/
43030033011.pdf

[40] W. A. Curtin, “Exact theory of fibre fragmentation in a single-filament
composite,” Journal of Materials Science volume, vol. 26, Oct. 1991.
[Online]. Available: https://doi.org/10.1007/BF01143218

[41] J. M. Neumeister, “Bundle pullout—a failure mechanism limiting
the tensile strength of continuous fiber reinforced brittle matrix
composites— and its implications for strength dependence on
volume and type of loading,” Journal of the Mechanics and
Physics of Solids, vol. 41, no. 8, Aug. 1993. [Online]. Available:
https://doi.org/10.1016/0022-5096(93)90086-U

[42] ——, “A constitutive law for continuous fiber reinforced brittlematrix
composites with fiber fragmentation and stress recovery,” Journal
of the Mechanics and Physics of Solids, vol. 41, no. 8, Aug. 1993.
[Online]. Available: https://doi.org/10.1016/0022-5096(93)90085-T

[43] C. Y. Hui, S. L. Phoenix, M. Ibnabdeljalilt, and R. L. Smiths, “An
exact closed form solution for fragmentation of weibull fibers in
a single filament composite with applications to fiber-reinforced
ceramics,” Journal of the Mechanics and Physics of Solids, vol. 43,
no. 10, Oct. 1995. [Online]. Available: https://doi.org/10.1016/
0022-5096(95)00045-K

[44] A. Turon, J. Costa, P. Maimí, D. Trias, and J. A. Mayugos,
“A progressive damage model for unidirectional fibre-reinforced
composites based on fibre fragmentation. part i: Formulation,”
Composites Science and Technology, vol. 65, no. 13, Oct. 2005.
[Online]. Available: https://doi.org/10.1016/j.compscitech.2005.04.
012

[45] Y. Swolfs and et al., “Global load-sharing model for unidirectional
hybrid fibre-reinforced composites,” Journal of the Mechanics
and Physics of Solids, vol. 84, Nov. 2015. [Online]. Available:
https://doi.org/10.1016/j.jmps.2015.08.009

[46] M. Ibnabdeljalil and W. A. Curtin, “Strength and reliability of
fiber-reinforced composites: Localized load-sharing and associated
size effects,” Journal of the Mechanics and Physics of Solids, vol. 34,
no. 21, Jul. 1997. [Online]. Available: https://doi.org/10.1016/
S0020-7683(96)00179-5

[47] I. J. Beyerlein and S. L. Phoenix, “Stress concentrations around
multiple fiber breaks in an elastic matrix with local yielding or
debonding using quadratic influence superposition,” Journal of the
Mechanics and Physics of Solids, vol. 44, no. 12, Dec. 1996. [Online].
Available: https://doi.org/10.1016/S0022-5096(96)00068-3

114

https://doi.org/10.1016/0010-4361(93)90260-F
https://doi.org/10.1016/j.compstruct.2006.04.065
https://doi.org/10.1016/j.commatsci.2013.08.024
https://doi.org/10.1016/j.commatsci.2013.08.024
https://doi.org/10.1016/j.compositesa.2017.11.028
https://doi.org/10.1016/0010-4361(87)90003-6
https://doi.org/10.1016/0010-4361(87)90003-6
https://doi.org/10.1016/0010-4361(79)90022-3
https://doi.org/10.1016/0010-4361(79)90022-3
https://doi.org/10.1016/0010-4361(80)90019-1
https://doi.org/10.1016/0010-4361(80)90019-1
https://doi.org/10.1016/j.compositesa.2018.02.005
https://doi.org/10.1016/j.compositesa.2018.02.005
https://doi.org/10.1016/j.compscitech.2017.02.028
https://doi.org/10.1007/BF00550155
https://doi.org/10.1098/rsta.1980.0061
https://doi.org/10.1098/rsta.1980.0061
https://doi.org/10.1016/j.compositesa.2015.02.014
https://doi.org/10.1016/0266-3538(94)90156-2
https://doi.org/10.1016/0266-3538(94)90156-2
https://doi.org/10.1088/0022-3727/20/3/013
https://doi.org/10.1088/0022-3727/20/3/013
https://doi.org/10.1016/j.compositesa.2014.11.006
https://doi.org/10.1016/j.compositesa.2014.11.006
https://doi.org/10.1016/j.compositesb.2017.12.012
https://doi.org/10.1590/1679-78255326
https://doi.org/10.1016/j.compscitech.2010.01.005
https://doi.org/10.1016/j.compscitech.2010.01.005
https://www.redalyc.org/pdf/430/43029812009.pdf
https://www.redalyc.org/pdf/430/43030033011.pdf
https://www.redalyc.org/pdf/430/43030033011.pdf
https://doi.org/10.1007/BF01143218
https://doi.org/10.1016/0022-5096(93)90086-U
https://doi.org/10.1016/0022-5096(93)90085-T
https://doi.org/10.1016/0022-5096(95)00045-K
https://doi.org/10.1016/0022-5096(95)00045-K
https://doi.org/10.1016/j.compscitech.2005.04.012
https://doi.org/10.1016/j.compscitech.2005.04.012
https://doi.org/10.1016/j.jmps.2015.08.009
https://doi.org/10.1016/S0020-7683(96)00179-5
https://doi.org/10.1016/S0020-7683(96)00179-5
https://doi.org/10.1016/S0022-5096(96)00068-3


J.D Vanegas-Jaramillo et al., Revista Facultad de Ingeniería, Universidad de Antioquia, No. 103, pp. 96-115, 2022

[48] A.M. Sastry and S. L. Phoenix, “Load redistribution near non-aligned
fibre breaks in a two-dimensional unidirectional composite using
break-influence superposition,” Journal of Materials Science Letters,
no. 12, Jan. 1993. [Online]. Available: https://doi.org/10.1007/
BF00627024

[49] S. J. Zhou and W. A. Curtin, “Failure of fiber composites: A
lattice green function model,” Acta Metallurgica et Materialia, vol. 43,
no. 8, Aug. 1995. [Online]. Available: https://doi.org/10.1016/
0956-7151(95)00003-E

[50] D. G. Harlow and S. L. Phoenix, “The chain-of-bundles
probability model for the strength of fibrous materials i:
Analysis and conjectures,” Journal of Composite Materials,
vol. 12, no. 2, Jul. 01 1978. [Online]. Available: https:
//doi.org/10.1177/002199837801200207

[51] ——, “The chain-of-bundles probability model for the strength of
fibrous materials ii: A numerical study of convergence,” Journal of
Composite Materials, vol. 12, no. 3, Oct. 01 1978. [Online]. Available:
https://doi.org/10.1177/002199837801200308

[52] W. A. Curtin and N. Takeda, “Tensile strength of fiber-reinforced
composites: I. model and effects of local fiber geometry,” Journal of
Composite Materials, vol. 32, no. 22, Nov. 01 1998. [Online]. Available:
https://doi.org/10.1177/002199839803202203

[53] ——, “Tensile strength of fiber-reinforced composites: Ii. application
to polymer matrix composites,” Journal of Composite Materials,
vol. 32, no. 22, Nov. 01 1998. [Online]. Available: https://doi.org/10.
1177/002199839803202204

[54] C. M. Landis, I. J. Beyerlein, and R. M. McMeeking,
“Micromechanical simulation of the failure of fiber reinforced
composites,” Journal of the Mechanics and Physics of Solids,
vol. 48, no. 3, Mar. 2000. [Online]. Available: https:
//doi.org/10.1016/S0022-5096(99)00051-4

[55] T. Okabe, N. Takeda, Y. Kamoshida, M. Shimizu, and W. A. Curtin,
“A 3d shear-lag model considering micro-damage and statistical
strength prediction of unidirectional fiber-reinforced composites,”
Composites Science and Technology, vol. 61, no. 12, Sep. 2001.
[Online]. Available: https://doi.org/10.1016/S0266-3538(01)00079-3

[56] S. Behzad, P. T. Curtis, and F. R. Jones, “Improving the prediction
of tensile failure in unidirectional fibre composites by introducing
matrix shear yielding,” Composites Science and Technology, vol. 69,
no. 14, Nov. 2009. [Online]. Available: https://doi.org/10.1016/j.
compscitech.2009.06.010

[57] C. Zweben, “Tensile strength of hybrid composites,” Journal of
Materials Science, no. 12, Jul. 1977. [Online]. Available: https:
//doi.org/10.1007/BF00540846

[58] H. Fukuda, “An advanced theory of the strength of hybrid
composites,” Journal of Materials Science, no. 19, Mar. 1984.

[Online]. Available: https://doi.org/10.1007/BF00540468
[59] V. P. Rajan and W. A. Curtin, “Rational design of fiber-reinforced

hybrid composites: A global load sharing analysis,” Composites
Science and Technology, vol. 117, Sep. 2015. [Online]. Available:
https://doi.org/10.1016/j.compscitech.2015.06.015

[60] R. P. Tavares and et al., “Mechanics of hybrid polymer composites:
analytical and computational study,” Computational Mechanics,
vol. 57, Jan. 11 2016. [Online]. Available: https://doi.org/10.1007/
s00466-015-1252-0

[61] Y. Zhou, M. A. Baseer, H. Mahfuz, and S. Jeelani, “Statistical analysis
on the fatigue strength distribution of t700 carbon fiber,” Composites
Science and Technology, vol. 66, no. 13, Oct. 2006. [Online]. Available:
https://doi.org/10.1016/j.compscitech.2005.12.020

[62] J. Watanabe, F. Tanaka, H. Okuda, and T. Okabe, “Tensile strength
distribution of carbon fibers at short gauge lengths,” Advanced
Composite Materials, vol. 23, no. 5-6, May. 12 2014. [Online].
Available: https://doi.org/10.1080/09243046.2014.915120

[63] A. C. L. M. Y. Matveev and I. A. Jones, “Modelling of textile
composites with fibre strength variability,” Composites Science and
Technology, vol. 105, Dec. 10 2014. [Online]. Available: https:
//doi.org/10.1016/j.compscitech.2014.09.012

[64] J. Koyanagi, H. Hatta, M. Kotani, and H. Kawada, “A
comprehensive model for determining tensile strengths of
various unidirectional composites,” Journal of Composite Materials,
vol. 43, no. 18, Jul. 09 2009. [Online]. Available: https:
//doi.org/10.1177/0021998309341847

[65] W. A. Curtin, “Tensile strength of fiber-reinforced composites: Iii.
beyond the traditional weibull model for fiber strengths,” Journal
of Composite Materials, vol. 34, no. 15, Aug. 01 2000. [Online].
Available: https://doi.org/10.1177/002199830003401503

[66] Y. Swolfs, I. Verpoest, and L. Gorbatikh, “Recent advances in
fibre-hybrid composites: materials selection, opportunities and
applications,” International Materials Review, vol. 64, no. 4, 2019.
[Online]. Available: https://doi.org/10.1080/09506608.2018.1467365

[67] M. R. Wisnom and et al., “Hybrid effects in thin ply carbon/glass
unidirectional laminates: Accurate experimental determination and
prediction,” Composites Part A: Applied Science and Manufacturing,
vol. 88, Sep. 2016. [Online]. Available: https://doi.org/10.1016/j.
compositesa.2016.04.014

[68] F. Ribeiro, J. Sena-Cruz, F. G. Branco, and E. Júlio, “Hybrid effect
and pseudo-ductile behaviour of unidirectional interlayer hybrid
frp composites for civil engineering applications,” Construction
and Building Materials, vol. 171, May. 20 2018. [Online]. Available:
https://doi.org/10.1016/j.conbuildmat.2018.03.144

115

https://doi.org/10.1007/BF00627024
https://doi.org/10.1007/BF00627024
https://doi.org/10.1016/0956-7151(95)00003-E
https://doi.org/10.1016/0956-7151(95)00003-E
https://doi.org/10.1177/002199837801200207
https://doi.org/10.1177/002199837801200207
https://doi.org/10.1177/002199837801200308
https://doi.org/10.1177/002199839803202203
https://doi.org/10.1177/002199839803202204
https://doi.org/10.1177/002199839803202204
https://doi.org/10.1016/S0022-5096(99)00051-4
https://doi.org/10.1016/S0022-5096(99)00051-4
https://doi.org/10.1016/S0266-3538(01)00079-3
https://doi.org/10.1016/j.compscitech.2009.06.010
https://doi.org/10.1016/j.compscitech.2009.06.010
https://doi.org/10.1007/BF00540846
https://doi.org/10.1007/BF00540846
https://doi.org/10.1007/BF00540468
https://doi.org/10.1016/j.compscitech.2015.06.015
https://doi.org/10.1007/s00466-015-1252-0
https://doi.org/10.1007/s00466-015-1252-0
https://doi.org/10.1016/j.compscitech.2005.12.020
https://doi.org/10.1080/09243046.2014.915120
https://doi.org/10.1016/j.compscitech.2014.09.012
https://doi.org/10.1016/j.compscitech.2014.09.012
https://doi.org/10.1177/0021998309341847
https://doi.org/10.1177/0021998309341847
https://doi.org/10.1177/002199830003401503
https://doi.org/10.1080/09506608.2018.1467365
https://doi.org/10.1016/j.compositesa.2016.04.014
https://doi.org/10.1016/j.compositesa.2016.04.014
https://doi.org/10.1016/j.conbuildmat.2018.03.144

	Introduction
	Fragmentation model for single-fiber composites
	State of the art on fragmentation models for single-fiber composites
	Prediction of composite tensile behavior by CNBbold0mu mumu ++2005/06/28 ver: 1.3 subfig package++++ model
	Decomposition of the mechanical response of composite materials

	Fragmentation model for hybrid composites
	State of the art on fragmentation models for hybrid composites
	Model CNBbold0mu mumu ++2005/06/28 ver: 1.3 subfig package++++ for hybrid composites
	Analytical calculation of pseudo-ductility
	Obtaining the optimum fiber mixing ratio, bold0mu mumu optopt2005/06/28 ver: 1.3 subfig packageoptoptoptopt

	Results and discussion
	Comparison of a proposed numerical model with previous numerical results
	Analysis of hybrid composite T700SC/Fiberglass/EP with bold0mu mumu Vf=0.4Vf=0.42005/06/28 ver: 1.3 subfig packageVf=0.4Vf=0.4Vf=0.4Vf=0.4
	Hybrid composite M40/T700SC/EP with bold0mu mumu Vf = 0.4Vf = 0.42005/06/28 ver: 1.3 subfig packageVf = 0.4Vf = 0.4Vf = 0.4Vf = 0.4
	Other hybrid configurations

	Conclusions
	Declaration of competing interest
	Acknowledgement

